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Feed it back 


FRANCIS SCHEID, Boston University, Boston, Massachusetts. 


Iterative methods are illustrated in such a simple way 


Let’s vo a little bit of arithmetic. Take the 
not so very complicated formula 


P=1/2 


Here’s the plan. Starting with some value 
of Q (and I’m going to suggest 5, though 
it doesn’t make much difference), we’ll 
calculate the value of P. Then, we will 
promptly feed this value of P back into 
the right-hand side of the formula as a 
new value of Q. P can then be recomputed. 
Again we feed back and continue until the 
P coming out is the same as the Q that 
went in. Then we stop. Well, here we go. 


5.5 
Q=5.47727273 
P =5.47722557 
Q=5.47722557 
P =5.47722557 


It’s time to stop. (In working with nine- 
digit numbers like these it’s undignified 
to do everything by pencil and paper; a 
desk calculator is really a necessity, and 
that’s what I used.) 

Now that we’re through you may well 
ask, “‘What has been accomplished?” The 
answer—we have found the square rom ., 30 
correct to eight decimal places. 


getting acquainted with this important mathematical tool. 
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that high school students would enjoy 


It takes very little algebra to prove this 
statement. If P and Q are the same, then 


p=1/2(P+—) 
a P 


30 
2P =P+— 
30 

P?=30. 


How hard did we work? Count it up. To 
find P, we did a division, an addition, and 
a multiplication. And we did that four 
times. So our labor comes to 


4 divisions 
4 additions 


4 multiplications. 


Doesn’t seem like very much, does it? 
Other methods of finding square roots re- 
quire much more. 

The method we used is called by mathe- 
maticians an iterative method. Each step 
is an iteration. We made four iterations to 
get our result. It’s customary to call the 
values of P that come out P one, P two, 
etc., and to write them with “subscripts” 
as P,, P2, and so on. 

If we also call the starting value Po, 
(read it P zero) instead of Q, our computa- 
tions may be summarized in the list 


30 
P,=5.5=1/2 
Po 


aly 
4 
Q =v 
30 
P=1/2(5+— )=5.5 
5 
Q=5.5 
30 
= §.47727273 
4 
q 


30 
P2=5.47727273 = 1/2 @ =) 
1 


30 
2 


30 
P,=5.47722557 = 1/2 ) ‘ 
3 


This even suggests rewriting the basic 
formula as 


1 30 
(Pete) 


where k is to take successively the values 
0, 1, 2, ete. 

Now, is there any significance to this 
exercise in arithmetic? There most cer- 
tainly is! The needs of our technological 
civilization involve the finding of maybe a 
million square roots a day in computing 
laboratories around the world. Most of 
this work is done by automatic electronic 
calculators. One of the quickest methods 
of getting these roots (even faster than 
looking them up in tables) is our simple 
iteration. For the square root of N, just 
put N where we had 30. 

And here is another interesting formula. 


N 
1/3 
k 


It produces the cube root of N. Similar for- 
mulas yield even higher roots. It’s sur- 
prising how often such things are needed 
in today’s scientific world. 

For the cube root of 1.2345678 the fol- 
lowing sequence is produced by the for- 
mula above. 


Po=1 

P, = 1.07818927 
1.07279319 
P3=1.07276595 
P,=same as P3, 


and the last value is correct as far as it 


goes. 
Now let’s try a somewhat similar prob- 
lem. Back in 1225 Leonardo of Pisa studied 


the equation 

10x = 20 
looking for a number x which makes it 
true, or in other words, a solution. He came 
up with 

x = 1.368808 107. 
Nobody knows how he found it or how 
long it took him, but it is correct to its full 
nine decimal places. So much accuracy was 


far from common in those days. 
Suppose we rewrite his equation, first as 


a(x?+2xr+10) =20 
and then as 
20 
This preparation now leads to the iterative 
(or feedback) formula 


20 
+22,4+ 10 
Let’s put 2»=1 and see what happens. We 


find 
20 


142410 
= 1.538461538. 


Feeding this value back into the right- 
hand side produces 


= 1.295019157. 


Continuing the now familiar process, we 
generate the list of numbers below. 


1 .000000000 1 .368817874 
1 538461538 1 .368803773 
1 .295019157 1.3688 10031 
1 .401825309 1 .368807254 
1 .354209390 1 .368808486 
1 .375298092 1 368807940 
1 .365929788 1 .368808181 
1 .370086003 1 .368808075 
1 .368241023 1.368808 122 
1 .3690598 12 1.368808101 
1 .368696397 1.368808110 
1 .368857688 1.368808 107 
1.368786 102 1.368808 107 
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Sure enough, on the twenty-fifth round 
Leonardo’s value appears. But how dis- 
couragingly slow! 

Mathematicians often encounter proc- 
esses which produce results very slowly. 
The challenge is of course to find a way of 
speeding things up, an “acceleration 
method.”’ For the type of iterative process 
we have used in this last example an accel- 
eration device has been found. Its discov- 
ery involved a little calculus, so here let’s 
just see what it looks like and how it works. 
The formula is 

tLe 

To use it, we need three consecutive values 
Xe, Lest, ANA Using 20, Xu, and 2p, 
the formula gives 1.368808107, which is 
again Leonardo’s value. Thirteen itera- 
tions could have been saved! As a matter 
of fact, using the acceleration once or 
twice earlier in the computation would 
have saved even more work. 

Don’t get the impression that feedback 
is foolproof, however. Leonardo’s equation 
can also be turned into 


x= + 10, 


and half a dozen other forms, none of 
which lead to successful iterations. Try 
one yourself. The failure will quickly be- 
come apparent. Plausible schemes some- 
times succeed, but just as often they fail. 
One cannot rely on intuition in these mat- 
ters. 

Just one more example. A dog is lost in 
a square maze of corridors. At each inter- 
section he chooses a direction at random 
and proceeds to the next intersection, 
where he again chooses at random and so 
on. Sooner or later he comes out some- 
where. If we start lots of dogs one after 
another at the various intersections, what 
fraction will come out on the south side? 
That’s the problem. 

The diagram above shows just nine in- 
tersections. Let F, stand for the fraction 
of those starting at intersection 1 who 
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eventually emerge on the south side. 
Let Fo, F3, - ++, Fy be similarly defined. 
Think for a minute about those dogs who 
start at point 5. Presumably one-fourth go 
to point 2, one-fourth to point 4, one- 
fourth to point 6, and the others to point 8, 
on their first try. But, of those going to 
point 2, the fraction F, will eventually 
reach the south side. Of those going to 
point 4, the fraction F, will succeed, etc. 
We conclude— 
=1/4(F.+F,+Fet+Fs). 
F; is the average of its four neighbors. 
In exactly the same way the other frac- 


tions are seen to be the averages of their 
neighbors. For example, 


F, = /4(O+F, +F3+Fs), 
the zero occurring because no dogs coming 
out on the north boundary ever reach the 
south. Again 

the one representing the fact that all those 
emerging on the south side are successes. 

The entire set of nine equations is 
simply 
F\=1/4(0+0+ 
3=1/4(0+F.+0+Fs) 


7 
| | 
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Fo=1/4(F3+F;+0+F 9) 
F,=1/4(F,+0+F 


We have “nine equations in nine un- 
knowns” to solve. 

It is strange but true that exactly the 
same type of equation comes up in the 
study of certain problems in fluid dynam- 
ics, electromagnetism, and many other 
branches of science. Instead of only nine 
equations there are often several hundred 
and occasionally a few thousand. These 
big “‘systems” can be solved on automatic 
electronic computing machines by the 
same feedback method we now use on our 
smaller one. 

To begin, we need starting values. Try 
to guess the nine answers. See how good 
your intuition is. I’m going to begin with 
the ridiculous values Fi;=F,;=... = 
F,=0. Now starting with the first equa- 
tion we compute a new F;. It comes out 
zero again. And so do F2, F3, Fs, Fs, and 
6- But 


F,=1/4(0+0+0+1) =1/4. 


Now we’re off. To get a new F's we com- 


Iteration 


pute as follows: 
Fs=1/4(0+1/4+0+1) =5/16. 


Notice that for F; the newest value } (not 
the old value zero) was used. We will al- 
ways use the most recent value of each 
unknown. This procedure will lead to the 
correct values much more quickly. Now 


Fy=1/4(0+5/16+0+1) =21/64 


and our first iteration is finished. By this 
time you probably know what to do next— 
back to the first equation to begin another 
iteration. And so on we go until no further 
changes occur. Working to just three deci- 
mals, the results listed below occur. The 
bottom line gives the answers we have 
been seeking, accurate to three figures. 

Note that 7;=.250, which means that 
i of those starting at point 5 come out 
eventually on the south side. That makes 
sense, doesn’t it? 


Now you’ve seen three examples of 
iterative or feedback methods at work. 
Perhaps you can think of other problems 
where they may apply. If so, make a few 
experiments yourself. You’ll be adding a 
few personal feedbacks to the millions now 
being made daily around our planet. 


F; Fs 


1 


0 0 
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Fi Ps Fy Ps Ps Ps 

0 0 0 0 0 0 0 

4 0 0 0 0 0 0 .250 .328 
0 0 0 062 .078 .082 .328 .394 .328 
.024 .027  .106 .152 .127 .398 

068 006 .174 .101 6.620 .4%5 

065 .068 .181 .244 . 184 425 524 427 

.068 .095 .070 .184 .247 .427 .525 .428 

1 071 .098 .187 .250 .187 .428 .526 .428 
4 
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The geometry of the fixed-compass 


ARTHUR E. HALLERBERG, Illinois College, 


Jacksonville, Illinois. 


“Collapsible-Compass”’ geometry was handed down to us 
by the Greeks. A rigid-compass geometry is a fixed item 
in our high school curriculum. Students are not reminded 
that there are geometries which presuppose the use of tools 


Topics IN MATHEMATICS which clarify 
mathematical meanings, which develop 
mathematical appreciations, and which 
furnish opportunities for the student to 
“discover” mathematical ideas provide 
stimulating material for both teacher and 
student. If such a topic has an interesting 
or significant historical development as 
well, it has an even greater contribution to 
offer. 

This paper is concerned with such a 
topic: the question of how various geo- 
metrical constructions can be performed 
by using a straightedge and a compass* 
restricted to one and the same opening 
throughout the entire construction. We 
shall find it convenient to refer to this 
more briefly as ‘the geometry of the fixed- 
compass.” 


INTRODUCING THE GEOMETRY 
OF THE FIXED-COMPASS 


Let us suppose that a geometry class 
which has studied the elementary geo- 
metrical constructions with ordinary com- 
pass and straightedge is asked to isolate a 


1 See P. S. Jones, ““The History of Mathematics as 
a Teaching Tool,’ THe Maruematics Teacuer, L 
(January 1957), 5964; Herta T. and Arthur H. 
Freitag, ‘‘Using the History of Mathematics in Teach- 
ing on the Secondary School Level,’’ THe MatTue- 
matics Teacuer, L (March 1957), 220-224. 

2 “Usage favors the singular, compass, to refer to 
a single instrument and the plural, compasses, to refer 
to more than one, although pair of compasses, re- 
ferring to the single instrument with its pair of legs, is 
used.”” The Encyclopedia Americana, 1957 edition, VII, 
427. 
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other than the rigid compass they use. 


significant similarity in the constructions 
for bisecting a given line segment and for 
bisecting a given angle. It is possible that 
some student will notice that a single 
opening of the compass can be used 
throughout each construction, and, in fact, 
that the width of this opening may be 
arbitrary. (Students may at first feel that 
“too small” an opening makes the solu- 
tion impossible, but a little thought will 
soon indicate that this is no real hardship 
—see Figure 1, where segment AB is bi- 
sected with a compass opening less than 
half of AB.) The students are then chal- 
lenged to try to discover if there are other 
basic constructions which can be carried 
out using such a “rusty compass,” in which 
the opening between the legs (the radius of 
the ares or circles drawn) is never changed. 
The use of the unmarked straightedge 
(ruler) in addition to the fixed-compass is 
of course assumed throughout all of this 
discussion. 

It may be worthwhile to suggest such 
problems to students as the construction 
of perpendiculars from points on and off a 


Figure 1 


ad 
| 
a 
vat 


given line; the drawing of the parallel to a 
given line through a given point; and the 
division of a given segment into any num- 
ber of equal parts. More challenging prob- 
lems would be the transfer of a given 
angle; the drawing of a triangle, given the 
lengths of the three sides (each unequal to 
the given cempass opening); and the in- 
scribing of a regular pentagon in a given 
circle. 

Some of the better students in a class 
should be successful in finding solutions for 
some of the basic constructions under these 
limitations. A pooling of ideas and particu- 
larly an analysis of the use of intermediate 
constructions, which can be combined into 
more complicated constructions, suggest 
the value of developing something of a 
systematic structure to increase the num- 
ber of problems which can be solved. 

For example, we may erect the perpen- 
dicular at point C on line AB as follows 
(Fig. 2): 

Draw C(r) (the circle with center at C 
and with the fixed radius r) cutting AB in 
D. D(r) cuts C(r) in E, and E(r) euts C(r) 
in F. E(r) and F(r) meet in G. Then CG is 
the desired perpendicular. 


PKS 


Figure 2 


(An alternate method, using the proper- 
ties of the 30°-60° right triangle, is to cut 
line ED with E(r), thus giving G without 
the use of point F.) 

The drawing of the line through point A 
which is parallel to given line BC can be 
performed by the “rhombus method” 
(Fig. 3): 

A(r) cuts BC in D. D(r) cuts BC in E. 


| 
B “Dd 'E Cc 
Figure 3 


E(r) and A(r) meet in F. Then AF is 
parallel to BC. 

If the student attempts to drop a per- 
pendicular from a given point, A, to a 
given line, BC, he will find that he has 
difficulty if A is at a distance greater than 
r from BC. However, by combining the 
two previous constructions (first draw any 
convenient perpendicular to the given line, 
and then draw a parallel to this line 
through point A), the difficulty is found to 
be only temporary. 

At least four basic questions now pre- 
sent themselves: (1) What are the construc- 
tion problems which can be solved using 
only the fixed-compass and straightedge? 
(2) What criteria can be set forth which 
will clearly define what is possible and 
what is impossible under such restrictions? 
(3) Why should such a problem be con- 
sidered—either historically or as a present- 
day problem? and (4) Who are some of the 
persons who have found this problem to 
be of interest? The remainder of this paper 
is devoted to at least a partial answer to 
these questions. Rather obviously, these 
answers are interrelated, and no attempt 
will be made to consider them individually. 


THE FIXED-COMPASS 
IN EARLY MATHEMATICAL HISTORY 


Tradition has ascribed to Plato the re- 
sponsibility of emphasizing the straight- 
edge (of indefinite length) and the com- 
pass (of indefinite opening) as the basic 
tools for carrying out geometrical con- 
structions. Euclid never used the word 
“compass” in his Elements; his first three 
postulates, however, appear to give em- 
phasis to the idea that straightedge and 
compass were the only tools of pure geom- 
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etry. The third postulate, “to describe a 
circle with any center and distance,” and 
the manner in which it was used, result in 
a limitation which is usually expressed by 
saying that Euclid used a “collapsible 
compass.”’ In effect, this compass closed 
as soon as one of its points was removed 
from the paper. Of course, Euclid imme- 
diately established proposition I-2: “to 
place at a given point (as an extremity) a 
straight line equal to a given straight line,” 
and proposition I-3: “given two unequal 
straight lines, to cut off from the greater a 
straight line equal to the less.’”’ In effect, 
then, the devices of “transferring seg- 
ments” or of marking off equal segments 
on a line by means of a single fixed opening 
of the compass were available, although 
Euclid did not give these duties to the 
compasses as such. 

Present-day students are surprised at 
the way Euclid handles the basic construc- 
tions, but these are worthy of study to 
note the systematic and logical procedures 
which Euclid used. In the Commentary on 
Euclid’s Elements written by Proclus 
about 400 a.p., there is evidence that other 
writers soon after Euclid used the compass 
as dividers for transferring distances. For 
example, Proclus gives a construction at- 
tributed to Apollenius (ca. 260-170 B.c.) 
for the method of drawing an angle equal 
to a given angle which is customarily used 
today. Proclus objected to such a con- 
struction, although it must be noted that 
he did so because of the demonstration 
(proof) of the construction involved, 
rather than because he objected to the 
actual method. 

It seems significant to note this attitude 
of Proclus—it indicates much greater in- 
terest in the logical approach to geometry 
than in the practical approach. This atti- 
tude—avoiding the practical—probably 
accounts for the fact that we find in Greek 
geometry no real awareness of the fixed 
compass as a special device in performing 
constructions. If some of the basic con- 
structions were obtained without changing 
the opening, this appears to have been 


done without any conscious placing of this 
restriction on the construction.® 


THE CONSTRUCTIONS oF ABO’L-WeEFrA 


It is in the work of an Arab of the tenth 
century that we find what seems to be the 
first recorded attempt to consider the 
problem of fixed-compass constructions 
systematically. In a work on Geometrical 
Constructions, which is ascribed to Abt’l- 
Wefa (940-998), we find the explicit con- 
dition made in the statement of certain 
problems that the construction in each 
case is to be performed with a single open- 
ing of the compass. 

A considerable number of mathematical 
works have been ascribed to Abi’l-WefAa. 
He wrote commentaries on al-Khow4rizmf, 
Diophantus, and Hipparchus; he began 
his own commentary on Euclid’s Elements 
but apparently did not finish it. He wrote 
treatises on arithmetic and computation 
for practical use, computed tables of sines 
and tangents, and wrote extensively on 
astronomy. 

Fixed-compass constructions are ex- 
pressly called for in the statements of five 
different problems given by Abd’l-Wefa. 
These are: (1) the construction of a regular 
pentagon on a given line segment as side, 
using only one opening of the compass 
equal to the given line segment; (2) the 
same, for a regular octagon; (3) the same, 
for a regular decagon; (4) inscribe a square 
in a given circle, using only one opening 
equal to the radius of the circle; (5) the 
same, inscribing a regular pentagon in a 
given circle. 

In certain of these problems it is neces- 
sary to use auxiliary constructions, such 


3 Several standard histories of mathematics have 
stated that Pappus (250-300 a.p.) made mention of 
such constructions with a single opening of the com- 
pass. That this passage in Pappus has been misinter- 
preted has been shown by W. M. Kutta, ‘‘Zur Ge- 
schichte der Geometrie mit Constanter Zirkeléff- 
nung,”’ Nova Acta, 71 (1898), pp. 72-74. 

Similarly, credit has been given to Heron (first 
century a.p.) for a construction which was trans- 
mitted through a commentary on Euclid by the Arab, 
an-Nairizi (died 922). Heron’s method can be adapted 
to a fixed-compass construction, but his actual con- 
struction was not confined to a single opening. 
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as the erecting of perpendiculars and the 
bisecting of arcs, angles, and segments. In 
the earlier part of his work Abi’l-Wefa 
actually included solutions for these prob- 
lems which require only a single opening 
of the compass. The fixed-compass re- 
striction is not stipulated in the statement 
of these problems, however. 

The previously given method for erect- 
ing a perpendicular at a point on a given 
line (alternate method) was given by 
Abt’l-Wefa. Following are some of the 
other constructions given by him (ex- 
pressed in modern notation, but following 
the same steps). 

To divide a line segment into any num- 
ber of equal parts (e.g., 3) (Fig. 4): Erect 
a perpendicular at each end of the given 
segment AB in opposite directions. The 
opening of the compass is marked off twice 
from A and B, giving C and D, and E and 
F. CF and DE cut AB in points M and N, 
dividing AB into three equal parts. 

To inscribe a square in a given circle, 
using a single opening equal to the radius 
of the circle (Fig. 5): Given a circle with 
diameter AG and center S. A(r) gives Z, 
and G(r) gives T. AT and ZG meet in M. 
Join MS, cutting the circle in B and D. 
Then ABGD is the desired square. 

To construct a regular pentagon on 
given side AB, using only a single opening 
of the compass equal to the given side 
(Fig. 6): On given side AB, draw a per- 
pendicular at B. On this perpendicular 
mark off B(r), giving C. Find D, the mid- 


Figure 4 
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point of AB. Join CD. D(r) gives S on CD. 
Find K, the mid-point of DS. At K erect 
the perpendicular to CD, cutting AB ex- 
tended in E. A(r) and E(r) meet in M. 
Join BM and extend beyond M. M(r) cuts 
this in Z. Triangle ABZ is the “triangle of 
the pentagon.” Z(r) and B(r) meet in H, 
and Z(r) and A(r) meet in 7, so that 
ABHZT is the desired pentagon. 

Why did Abfi’l-Wefa propose and solve 
these problems with a single opening of 
the compass? He gives no hint of the an- 
swer in his work. One conjecture has been 
that the compasses of that day were diffi- 
cult to adjust. This seems difficult to de- 
fend when one recalls that the Arabs of 
this period were quite skilled in the con- 
struction of astronomical instruments and 
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also had devices for drawing conic sec- 
tions. Furthermore, there is evidence in 
the manuscript itself that it was not too 
difficult to change the opening of the com- 
pass. In an “artisan method” for drawing 
a parallel to a given line through a given 
point A, the center was placed at point A 
and the compass opening found which is 
the perpendicular distance from A to BC. 
Then any point on BC was chosen as 
center (see Figure 7) and an are drawn. A 
line was drawn through A tangent to this 
arc to give the desired parallel—all of 
these steps being performed “by inspec- 
tion.” 


A 


B 


Figure 7 


Another explanation might be that 
Abt’l-Wefa was endeavoring to present a 
regular “theory”’ or systematic set of fixed- 
compass constructions. We will see that 
this endeavor did move later workers to 
consider the problem, but it seems quite 
clear that this was not the primary intent 
of Abd’l-Wefa’s work. The auxiliary 
constructions do not have the restric- 
tion stated explicitly; the fixed-compass 
constructions are scattered throughout 
the nonrestricted constructions (which 
greatly outnumber the former); and there 
are various non-fixed-compass construc- 
tions given by Abd’l-Wefa which could 
easily have been converted to fixed-com- 
pass constructions if he had been commit- 
ted to that purpose. Most important of all 
is the fact that the fixed opening in most 
cases is specified as being equal to some 
previously given length, such as the given 
side or the radius of the circle. 

The most plausible explanation seems 
indicated when one notes that the fixed- 


compass constructions primarily are con- 
cerned with the drawing of regular poly- 
gons, both on a given side and inscribed in 
given circles. This, of course, is closely re- 
lated to the similar problem of dividing a 
circle into any number of equal parts. This 
problem is an ancient one, involved in 
problems like that of determining the 
equal order of spokes in a wagon wheel, 
and in decorative and ornamental art 
work. Fixed-compass constructions were 
first developed to answer a practical need 
for regular polygon constructions in art, 
architecture, and the construction of scien- 
tific instruments. Fixed-compass construc- 
tions were more efficient, not because it 
was so difficult to adjust the compass, but 
simply because additional adjustments 
which would be necessary might prove 
more time-consuming and might possibly 
cause some inaccuracies. 

It thus appears that interest in the 
fixed-compass geometry began, as in so 
many other topics in mathematics, in the 
attempt to find a practical solution to a 
common problem. It is striking to find the 
first explicit presentation of such restricted 
constructions as systematic and elaborate 
as it was. The ingenuity displayed in the 
construction of the pentagon is seldom 
surpassed in all of the later development 
of the geometry of the fixed-compass. 


CONTINUED INTEREST 
IN THE PRACTICAL PROBLEM 


The next chronological references to 
fixed-compass constructions are to be 
found at the end of the fifteenth and the 
beginning of the sixteenth centuries. In 
three different works, written within a 
period of forty years, constructions are 
given in which the restriction that just a 
single opening is to be used is definitely 
stated. Here again the use of the fixed- 
compass as a practical device is rather 
clearly indicated. 

Geometria Deutsch was a small printed 
work of just six pages without mention of 
author or of the time or place of publica- 
tion. It is described as the “first printed 
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outline on geometry in the German lan- 
guage’’* and was probably printed before 
1487. Nine geometrical constructions were 
given—without proofs—and in one of 
these the restriction “mit unverriicktem 
Zirkel’” is made. This is the problem of con- 
structing a regular pentagon on a given 
side with the fixed-compass opening equal 
to the given side. Unlike Abd’l-Wefa’s 
construction, however, this is only an ap- 
proximation ; on the other hand, it is much 
more easily executed. 

Given segment AB, with AB=r (Fig. 
8). Draw A(r) and B(r), meeting in C, 
D. Join CD. D(r) cuts CD in E, giving also 
F and G. EF cuts B(r) in K. GE cuts A(r) 
in H. K(r) cuts CD in I. Then ABKIH 
is the pentagon. 


Figure 8 


This same construction is given by Al- 
brecht Diirer in his book of instructions on 
the art of measuring with compass and 
ruler, first published in 1525.5 This work 
includes two constructions which are to 
be carried out with the Zirkel unverrtickt— 
that given above and the inscription of a 

4 Siegmund Giinther, Geschichte des mathematischen 
Unterrichts im deutschen M ittelalter bis zum Jahre 1525 
(Berlin: A. Hofmann & Comp., 1887), p. 347. 


5 Albrecht Diirer, Underweysung der Messung mit 
dem Zirckel und Richtscheyt (Niirnberg, 1525). 


regular hexagon in a circle. The latter con- 
struction, of course, represents no special 
achievement. Diirer also includes several 
constructions involving just one opening 
of the compass, which may be arbitrary. 
One of these, which also appeared in 
Geometria Deutsch, is for constructing a 
right angle: 

Draw any two lines meeting in F (Fig. 
9). Place one point of the compass at FE 
and swing an arc, cutting the lines at A, 
B, and C. Then AB is perpendicular to 
BC. 


Figure 9 


It will be noted that the construction 
simply gives a right angle and in no way 
indicates that the method could easily be 
adapted to the problem of constructing a 
perpendicular to a given line from a given 
point on the line. This ‘semicircle’ 
method of constructing such a perpendicu- 
lar is one of the most repeated fixed-com- 
pass constructions given by later writers. 
We jump ahead almost two hundred years 
to give the vivid description of an English- 
man, William Leybourn: 

‘Set one point of your fork in the end B, 
and keeping it there, pitch the other end 
down upon the Paper at all adventures in 
C, and upon C turn the fork about till the 
other point of it touches the given line AB 
in D.’’* Then CD extended cuts the same 
arc again in FE, and EB is the desired per- 
pendicular (Fig. 10). 


6 William Leybourn, Pleasure with Profit (London, 
1694), Tract Il, pp. 16-27. The title page of this work 
was reproduced in William L. Schaaf, ‘‘Memorabilia 
Mathematica,” Toe Marnematics TEACHER, 
XLVIII (February, 1955), 167. 
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Figure 10 


Of greater interest are the contributions 
of another great artist of this period, 
Leonardo da Vinci (1452-1519). In the 
so-called Notebooks of Leonardo are found 
recorded comments and sketches on statics 
and dynamics, anatomy, light and shade, 
architecture, perspective, and other topics 
—in varied order and in various stages of 
completion, usually in the left-handed 
manner of writing in “mirror-image.” 
These manuscripts also contain geomet- 
rical constructions, and in particular we 
note that some form of the phrase con una 
apritura di sesto is found at least ten times 
scattered through these pages. 

The diverse nature of Leonardo’s fixed- 
compass constructions, together with the 
fact that many are incomplete and others 
are inaccurate, makes it difficult to sys- 
tematize his attainments briefly. 

It is evident that Leonardo used the 
above phrase with two different intents: 
first, the fixed-compass was to be used as 
dividers for laying off equal units of length 
along a straight line or the circumference 
of a circle, the proper opening being some- 
times found by the ‘‘trial’’ method of ad- 
justing; second, once given a particular 
opening, this was to be maintained 
throughout the entire construction, or at 
least until some sought-for distance was 
found, at which time a second fixed setting 
—not arbitrary—would be used as before 
in completing the construction. 

A representative construction of Leo- 
nardo is that for dividing a circle into 3, 5, 
6, and 30 equal parts. 


Figure 11 


Given a circle (Fig. 11) with A, B, C, D 
points of the inscribed hexagon. D(r) cuts 
AD in N. BN cuts the circle again in M. 
Then, AD=}4, AM=}, AC=}, CM=y5 
(of the circumference).? 

Here the sides of the pentagon and 
hence of the 30-gon are only approximate. 
In other constructions Leonardo proposed 
to divide circles into 3, 7, 8, 9, 18, and 24 
equal parts. Actually, only the lengths of 
the sides of the required n-gons were found, 
and the implication here is that the com- 
pass would have to be reset to the proper 
opening and the points then stepped off 
around the circumference. Some of the 
above lengths are only poor approxima- 
tions—so much so that Leonardo some- 
times wrote ‘“falso” next to the con- 
struction. 

A detailed study of Leonardo’s con- 
structions leads one to the conclusion that 
Leonardo considered the fixed-compass as 
a convenient tool for the artist and archi- 
tect and not as a device of theoretical 
mathematical interest. Realizing that 
there are natural limitations to the accu- 
racy of all such constructions anyway, 
Leonardo seems only to have been con- 
cerned as to whether a construction was 
accurate enough for his purpose; he was 
not interested in its formal mathematical 
proof. He used freely, without acknowledg- 
ment, the common knowledge available 
to the artist and engineer of that time, and 

7 Leonardo da Vinci, Les Manuscrits de Leonardo 


da Vinci, (6 vols.; Paris: Charles Ravaisson-Mollien, 
1881-1891), B-27 v. 
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he continued to experiment for easier and 
simpler ways of obtaining practical re- 
sults. This meant that he accepted the 
fixed-compass as one of his drawing instru- 
ments and used it among others in looking 
for new methods. There seems little reason 
to believe that Leonardo himself passed 
on these constructions to his contemporar- 
ies or to his successors. 

The similarities in these three works 
lead one to speculate over possible reasons 
for this. The mathematical historian, 
Moritz Cantor, considered the question of 
whether Diirer had access to Geometria 
Deutsch; he concluded that Diirer did not, 
because of the absence of some of the ear- 
lier constructions in Diirer’s work. Rather, 
Cantor felt that such constructions as 
these were used by the architects and 
builders of that time, perhaps passed on 
secretly by them from one generation to 
another.® 

The significant conclusion that can be 
drawn from the presence of these construc- 
tions in these three works is that they re- 
flect a common body of practical geomet- 
rical knowledge known and used by the 
artist and artisan of that day. The fixed- 
compass was one of their tools—which 
was used frequently but certainly not 
exclusively. 


THE SOLUTIONS 
OF THE 16TH CENTURY ITALIANS 


We have noted above how interest in 
the practical aspects of geometry had led 
to fixed-compass solutions for regular 
polygon constructions, with the fixed 
opening being equal to the given side or the 
given radius. In the middle of the sixteenth 
century, a complete change occurred in 
the geometry of the fixed-compass—a 
change both in motivation and in the 
nature of the problem considered. Within 
a period of ten years there appeared three 
different sets of fixed-compass solutions 
for all of the construction problems given 
in Euclid’s Elements. Moreover, the open- 


*M. Cantor, Vorlesungen iiber Geschichte der 
Mathematik (2d ed.; Leipzig, 1913), II, pp. 461, 465. 


ing of the compass was completely arbi- 
trary—actually, it was to be an opening 
“proposed by the adversary.” 

The controversy over the discovery of 
the general solution of the cubic equation 
has long been one of the interesting epi- 
sodes in sixteenth century mathematics, 
although there have been difficulties in 
determining the exact details. No at- 
tempt will be made here to reconstruct the 
details of this bitter controversy between 
Nicolo Tartaglia and Hieronimo Cardano 
after Cardano published in the Ars Magna 
the solution of the cubic supposedly re- 
ceived from Tartaglia under oath of se- 
erecy. In 1547 Ludovico Ferrari issued his 
first Cartello in defense of Cardano (his 
teacher and benefactor) and gave chal- 
lenge to Tartaglia for a mathematical duel 
in which each would propose thirty-one 
problems to be solved by the opponent.'® 
In the Seconda Risposta Tartaglia pro- 
posed his thirty-one questions, the first 
seventeen of which dealt with problems 
to be solved by means of the fixed-com- 
pass. Included were such problems as 
these: to draw a tangent to a given circle 
from an outside point; to describe a recti- 
lineal figure which is similar to a given fig- 
ure and equal (in area) to another; to con- 
struct a triangle with angles in the ratio of 
2:3:10; to find the tangent to an ellipse 
which makes an angle with the major axis 
equal to a given angle. 

Ferrari submitted his answers some 
months later in the Quinto Cartello. Ac- 
tually, instead of answering the specific 
questions proposed by Tartaglia, Ferrari 
presented a complete treatment of Euclid’s 
first six books, with the change in the third 
postulate that the opening of the compass 
was to remain fixed at an arbitrary open- 
ing throughout. The propositions were 
necessarily presented in different order 
from that given by Euclid, but Ferrari 


§Oystein Ore, Cardano (Princeton University 
Press, 1953), presents the most complete account of 
the Tartaglia-Cardano controversy; however, it makes 
no reference whatsoever to the fixed-compass problem. 

10 The letters exchanged were reprinted in fac- 
simile in a limited edition, L. Farrari and N. Tartaglia, 
Cartelli e Risposte (Milano: E. Giordani, 1876). 
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was careful to use at any given time only 
those constructions or theorems which he 
had previously established in his own par- 
ticular sequence. Frequently a number of 
propositions were grouped together with 
the note that these could be carried out as 
in Euclid. 

In Ferrari’s introduction to his solutions 
he comments that he did not know who 
first proposed this principle of working 
without changing the opening of the com- 
pass, but that for the last fifty years many 
had worked on this problem, including 
particularly Scipione dal Ferro. The 
“many” are not identified, but this in- 
dicates a definite interest in this problem 
extending over a period of time. No 
further information on the role of Ferro 
has been found. It is known that in 1543 
Ferrari and Cardano examined the papers 
of Ferro (who had died in 1526) in con- 
nection with the solution of the cubic 
equation. It has been conjectured that at 
that time they found some reference to the 
fixed-compass problem in Ferro’s papers. 

Another interesting question is that of 
what induced Tartaglia to present such 
problems. One can assume that Tartaglia 
was already in possession of solutions for 
the questions he proposed to Ferrari when 
he submitted them. Whether he at that 
time had actually thought of doing ‘‘all of 
Euclid” is another matter. In 1556 Tar- 
taglia published his General Trattato di 
Numeri et Misure; included in this was 
his own set of solutions for all construction 
problems in Euclid and his description of 
how his own interest in the problem 
originated. He refers to a remark of Aris- 
totle that in any given art one should look 
beyond the usual meaning for something 
to admire, for something intelligent and 
different from the others. Hence one day 
he turned to proposition VI-25 of Euclid 
(the second of those described above 
which were given to Ferrari), to see if it 
could be resolved with any opening of the 
compass proposed by an adversary. He 
soon found that this was possible—in fact 
that it was possible to solve all of Euclid’s 


problems which are worked in a plane, 
with the exception of those which involve 
the drawing of certain specified circles 
with radii unequal to the fixed opening. 

It must be observed, however, that this 
statement appeared after two other sets of 
fixed-compass solutions of Euclid’s propo- 
sitions had been published. In 1550 Car- 
dano published the twenty-one books of 
the Subtilitate and in Book XV presented 
a brief condensation of his and Ferrari’s 
work. Only twelve constructions are in- 
cluded, although they are the most sig- 
nificant ones. Tartaglia’s name was not 
mentioned, which may be assumed to be 
not merely an oversight! 

In 1553 Giovanni Battista Benedetti 
(the Latinized form is loannes Baptista de 
Benedictis) published in a booklet of over 
130 pages a complete set of fixed-compass 
solutions for the problems of Euclid. There 
is no reference to the beginnings of his 
interest in the problem. Benedetti had 
been a student under Tartaglia and states 
in his introduction that he had studied the 
first four books of Euclid with Tartaglia— 
the rest he had studied privately. Bene- 
detti published his work at the age of 23, 
so that his contact with Tartaglia must 
have come soon after the time of the 
Cartelli-Risposte. There is no mention of 
the controversy or of the published ac- 
counts of Ferrari or Cardano. 

A reasonable conclusion on the basis of 
the presently known facts is that Tartaglia 
Ferrari-Cardano independently 
worked out their basic solutions; that 
Benedetti worked out the details of his 
sequence after having obtained some ideas 
on the nature of the problem from Tartag- 
lia; and that some of the details in the 
Tartaglia sequence may have been in- 
fluenced by either or possibly both of the 
earlier published sets given by Ferrari- 
Cardano and Benedetti. This is probably 
another example in the history of mathe- 
matics of the fact that after certain pre- 
liminary ideas have become common 
knowledge, the final steps may be taken 
independently by several individuals. 
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Tue “att or Euciip” CRITERION 

The inquisitive student by this time will 
have raised the question of whether the 
fixed-compass and _ straightedge are 
“equivalent” to the ordinary compass and 
straightedge. Is it possible in this limited 
manner to perform all constructions that 
can be performed by the traditional 
means? The accompanying problem, of 
course, is how such an equivalence could 
actually be established. There is no direct 
evidence that the Italians believed that by 
establishing “all of Euclid” they had 
thereby proved the fixed-compass and 
straightedge to be equivalent to the ordi- 
nary compass and straightedge. (In fact, 
it is a matter of speculation whether the 
question of such equivalence was really 
of any concern to them.) Certainly, how- 
ever, they recognized that the fixed- 
compass was a possible, if awkward, tool 
for “performing all of Euclid,” and proba- 
bly that is as much as could be expected 
of them at this stage of development in 
mathematics. 

The interest that had been climaxed by 
the appearance of these three sets of solu- 
tions, all within a period of ten years, died 
down abruptly. The “practical” uses of 
the fixed-compass constructions were not 
extended by the solutions of Euclid (which 
would often refer back in chain-line suc- 
cession to constructions previously de- 
scribed). And the theoretical aspects of 
fixed-compass constructions could have no 
new points of emphasis until the field of 
geometry could be extended. An impor- 
tant chapter in the development of the 
geometry of the fixed-compass was clearly 
ended. 

Soon another chapter began, but, 
strange to say, historically and mathe- 
matically it was almost a complete re- 
write of the previous chapter. The previ- 
ous works came too early to be widely dis- 
seminated, except for the Subtilitate; here 
the constructions were so condensed and 
hidden as to attract little attention. On the 
other hand, the increased use of the print- 
ing press and the greater concern for at 


least the elements of an education made 
geometry a matter of interest to many 


more individuals than before. It was 
natural that to many such persons the 
fixed-compass constructions (on a more 
elementary level) would have an appeal 
because of their practical, novel, and 
puzzle-like aspects. As an added incentive, 
enough of the past achievements of the 
sixteenth-century Italians were passed 
along, although primarily as hearsay, to 
encourage work on some aspects of the 
problem. Ultimately, these endeavors 
were again to be climaxed by a set of 
fixed-compass solutions of “all of Euclid,” 
apparently arrived at independently. 


THE PERIOD OF REDISCOVERY 


It is possible to point to references to 
the fixed-compass in the work of at least 
thirteen writers in this “period of redis- 
covery.” (We would date this period from 
1560 to 1700—fixed-compass work is al- 
most completely absent from any writings 
of the eighteenth century.) We shall indi- 
cate the work of several representative 
persons with their respective approaches. 

The seventeenth century brought forth 
many printed geometries in various lan- 
guages. Some of these were commentaries 
or simplifications of Euclid’s Elements; 
others emphasized the practical aspects of 
geometry. In 1613 Pietro Antonio Cataldi 
published in Italian the first six books of 
Euclid “reduced to practice.”” Cataldi thus 
included sections headed In Practica for 
each of Euclid’s propositions. In dis- 
cussing Euclid’s first proposition, Cataldi 
states: “‘We add, with pleasure, certain 
operations which have been changed from 
the ordinary, in order that the student 
may receive delight in establishing them, 
as well as the desire to study and follow 
with attention and diligence; as for exam- 
ple in the first proposition or problem, to 
carry out the demonstration also with one 
given aperture of the compass, which is 
smaller or larger than the given line: to 
erect an equilateral triangle on the given 
line.’ For this problem Cataldi simply 
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gives two drawings (see Figure 12) and 
says, “let the figures speak for them- 
selves.”’ 

After such an introduction one might 
expect that a large number of fixed- 
compass constructions would be given. 
Actually, only four more elementary con- 
structions are included; Cataldi gives no 
evidence of being interested in the ulti- 
mate possibilities of the fixed-compass or 
of having studied the fixed-compass con- 
structions of the  sixteenth-century 
Italians. 

Mario Bettini published a three-volume 
work in 1648, entitled Aerartum Philo- 
sophiae M athematicae, which considered at 
great length the propositions of Euclid’s 
first book. Bettini’s work includes ref- 
erences to several of the constructions of 
Cataldi and also to the Latin commentary 
on Euclid given by the German Christoph 
Clavius, published in 1574. It is interesting 
to note that Bettini devoted a special 
paragraph, well along in his first volume, 
to the fact that he had given six construc- 
tions which could be carried out with una 
circini diductione. These six constructions 
are all elementary, and again it seems evi- 
dent that Bettini did not know of the 
work of Ferrari and his successors. Bettini 
included the ‘‘rhombus” method for find- 
ing the parallel to a given line through a 
given point; this method he attributes to 
Clavius, who appears to be the first person 
who recorded it. 

In 1616 a somewhat insignificant Ger- 
man mathematician, Daniel Schwenter, 
began the publishing of individual portions 
of a Geometrie, Tractatus I, II, etc. These 
were later combined to form the Geome- 
triae practicae et aucti which went through 
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several editions. Schwenter knew of sev- 
eral isolated fixed-compass constructions 
(such as that of the pentagon usually as- 
cribed to Diirer); he knew that Cardano 
and Tartaglia had worked on this prob- 
lem, although it is evident that he was not 
aware of the full significance of their ac- 
complishments. 

Schwenter’s work represents an inter- 
esting mixture of the approaches we have 
already noted. We find him presenting 
“puzzle problems” based on the fixed- 
compass; he gives what he indicates to be 
a practical use of the fixed-compass de- 
vice; to a slight degree he considers the 
theoretical problem involved. In the latter 
case he divided a circle into any number of 


‘équal parts (from 2 to 10) mit unver- 


rtictem Circkel, with the opening equal to 
the radius of the given circle. Schwenter 
recognized that the sides of the 7-gon and 
9-gon were only approximate. 

In the Geometriae Schwenter relates 
that at one time his tutor, Johann 
Praetorius, proposed the problem whether 
it was possible, mit unverrticktem Circkel, 
at one center and with one drawing, to 
draw an “oblong circle.’’ Schwenter gives 
the following solution: place the paper on 
a cylinder or column, place the compass 
on the paper, and then draw a “circle,” 
keeping the paper always in contact with 
the cylinder. Upon removing the paper 
from the cylinder, a ‘neat’ oval is 
obtained." 

Schwenter also includes the following 
puzzle problem, which we will give in the 
form found in William Oughtred’s Mathe- 
matical Recreations: ‘‘With one and the 
same compasses, and at one and the same 
extent, or opening, how to describe many 
Circles concentricall, that is, greater or 
lesser one than another? In the judgment 


1 This same problem appears in various editions 
of the French Récréations mathématiques which is 
ascribed to Jean Leurechon, although this title some- 
times appeared under the pseudonym of H. van Etten 
or without an author given. The earliest edition seems 
to have appeared in 1624. Whether this problem goes 
back to the same common source, or whether it was 
independently arrived at by Praetorius and Leu- 
rechon, is not known. It is repeated in many later 
books on mathematical recreations. 
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of some it is thought impossible: who con- 
sider not the industrie of an ingenious 
Geometrician, who makes it possible, and 
that most facill, sundry wayes; for in the 
first place if you make a Circle upon a fine 
plaine, and upon the Center of that Circle, 
a small pegge of wood be placed, to be 
raised up and put down at pleasure by the 
help of a small hole made in the Center, 
then with the same opening of the Com- 
passes, you may describe Circles.’’” 

The account given by Schwenter seems 
to indicate that he felt this could be put 
to some practical use: he speaks of using a 
peg on the work table of a joiner (cabinet 
maker); by experimentation, the peg 
could be lowered or raised by hammering 
it in or out to make a circle of proper 
radius. 

Several later writers refer to the fixed- 
compass constructions given by Schwen- 
ter. He seems to have thought of the fixed- 
compass primarily as a puzzle device—as 
an instrument which gives rise to interest- 
ing speculations and exercises. He was 
able to acquire this interest from those be- 
fore him and to pass it on to those after 
him, and thus he played an active role in 
the development of the fixed-compass 
geometry. 


FIXED-COMPASS CONSTRUCTIONS 
In “Evcuiipis Curtosi” 


We turn next to one more important 
work in this period of rediscovery, the 
Dutch Compendium Euclidis Curiosi, pub- 
lished anonymously in Amsterdam in 
1674. The work was translated into Eng- 
lish and printed by Joseph Moxon in Eng- 
land in 1677. The subtitle in English 
reads: ‘Geometrical Operations, how with 
one given opening of the compass and a 
ruler all of the works of Euclid are re- 
solved.” In the preface the unnamed 
author states that he had read that one 


12 William Oughtred, Mathematical Recreations 
(London, 1653), pp. 49-50. This was an English 
translation of Leurechon’s work. Schwenter gives this 
problem in another work, Deliciae Physico-M athemati- 
cae (Niirnberg, 1636), p. 131, and indicated it was not 
his own. 


John Baptista had performed all of 
Euclid’s propositions with one single 
opening of the compass. He had never 
found this work or any additional ref- 
erence to it, although he had found this 
problem considered in the works of Bet- 
tini and Schwenter. Although he at first 
thought the matter impossible (especially 
when he considered such a problem as 
constructing a triangle given the three 
sides), he had studied it at length and was 
now able to present a set of solutions for 
all construction problems in Euclid. 

A detailed study of the Euclidis Curiost 
requires more space than can be devoted 
to it in this paper. Most important, how- 
ever, is the fact that authorship of this 
work can now definitely be ascribed to 
Georg Mohr, the Danish mathematician 
whose name is familiar to those readers 
who are acquainted with the “geometry of 
the compasses alone.’ For it was this 
same Georg Mohr who in 1672 had pub- 
lished the Euclides Danicus, the work 
which first gave proof that all construc- 
tions of Euclid could be performed with 
the (movable) compasses alone, without 
the use of a straightedge. (Such construc- 
tions are commonly referred to as ‘‘Mas- 
cheroni constructions” since the Italian, 
Lorenzo Mascheroni, independently estab- 
lished the same results in 1792.) Mohr’s 
work on the “geometry of the compass” 
was not known until a copy of the Danicus 
was rediscovered in 1928." 

Mohr presents twenty-nine basic con- 
structions which include all of the main 


13 The copy of Moxon’s English translation of the 
Curiosi in the Library of the University of Michigan 
was first pointed out to me by Professor Phillip 8. 
Jones. Later Professor Jones saw the copy of the 
anonymous Dutch edition in the Plimpton Collection 
in the Library of Columbia University and aided in 
obtaining a microfilm of this work. For details on why 
the authorship can be ascribed to Mohr, see Arthur E. 
Hallerberg, ‘‘The Development of the Geometry of the 
Fixed-Compass with Especial Attention to the Con- 
tributions of Georg Mohr”’ (Ed.D. dissertation, Uni- 
versity of Michigan, 1957,-L. C. Card No. Mic. 
58-1409). 

4 For example, see Julius H. Hlavaty, ‘‘Mascher- 
oni Constructions,” THe Matuematics Teacner, L 
(November, 1957), 482-487, and N. A. Court, 
‘“‘Mascheroni Constructions,” Tae MaTHematics 
Teacuer, LI (May, 1958), 370-372. 
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construction problems of Euclid; proofs 
are omitted. The last problem concerns 
the drawing of plans for laying out a 
regular fortification, using fixed-compass 
and straightedge. 

We include Mohr’s construction for 
adding and subtracting segments: 

To join CD to AB, at B in line with AB 
(Fig. 13): Through B draw BK parallel to 
CD, and through D a parallel to BC, giving 
E. B(r) gives H and F. Draw EP parallel 
to HF. Then P is the desired point. 


Figure 13 


The necessary auxiliary construction had 
previously been given by Mohr. He also 
gives some special cases of the above prob- 
lem. 

Mohr seems to indicate that he believed 
the fixed-compass with straightedge was 
equivalent to ordinary compass and 
straightedge: in his preface he states that 
he could have added more operations such 
as for drawing sun dials, but ‘‘considering 
that all flat or plain operations may be 
reduced from these [operations given in 
this work], these shall suffice.” 

The “John Baptista” given in the 
preface was G. B. Benedetti; it is not at all 
strange that Mohr never located his work. 
A detailed analysis of Mohr’s construc- 
tions as well as those of the Italians clearly 
indicates that Mohr obtained his results 
without access to their work. 

Again, it is interesting to note the repe- 
tition of mathematical history in the al- 
most complete disappearance of this set of 
geometrical solutions to the fixed-compass 
problem. Very little mention of either the 
Dutch original of Euclidis Curiosi or of the 
English translation by Moxon is to be 
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found in references to the geometry of the 
fixed-compass. 


WILLIAM LEYBOURN’S 
“PLEASURE WITH PrRoFIT”’ 


Of lesser significance, but still of in- 
terest, are the contributions of an English- 
man in 1694. Among the ‘‘mathematical 
practitioners’ of England in the seven- 
teenth century was William Leybourn. He 
seems to have found the same fascination 
in the novel and practical aspects of the 
fixed-compass which had aroused the in- . 
terest of amateur mathematicians earlier 
in the same century. In his work, Pleasure 
with Profit, a section is devoted to “Geo- 
metrical Recreations.”” Chapter II of this 
is subtitled: “Shewing How (Without 
Compasses) having only a common Meat- 
Fork (or such like Instrument, which 
will neither open wider, nor shut closer), 
and a Plain Ruler, to perform many 
pleasant and delightful Geometrical Oper- 
ations.” 

Leybourn gave twenty constructions 
for some of the more elementary problems. 
There is a decidedly practical flavor to 
some of these, and others seem to be in- 
cluded as novelties or curiosities. Ley- 
bourn does not attempt “all of Euclid” 
and there is no indication that he had 
examined any of such sets of solutions. 


THE EQUIVALENCE OF THE FIXED-COMPASS 
AND THE ORDINARY COMPASS 


While the fact that “all of Euclid” 
could be performed with fixed-compass 
and straightedge had been repeatedly 
established, it is obvious that a more re- 
fined set of criteria must be specified to 
actually establish the equivalence of the 
fixed-compass and the ordinary compass. 
Such criteria were presented in connection 
with the important Poncelet-Steiner theo- 
rem which is indirectly associated with the 
fixed-compass problem. This theorem may 
be stated in this form: If a single circle 
and its center are once drawn in a plane, 
every construction possible with ruler and 
compass can be carried out with the ruler 
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alone. This theorem is ascribed to two 
persons, Victor Poncelet, who first stated 
the theorem and indicated a method of 
proof in 1822, and Jacob Steiner, who gave 
a systematic and complete presentation of 
the problem in 1833." 

Since an arbitrary fixed-compass can be 
used just once to draw the necessary 
“Poncelet-Steiner circle,” it follows that 
the fixed-compass and straightedge are 
equivalent to the ordinary compass and 
ruler. The proof of the theorem depends 
upon somewhat more advanced geometri- 
cal concepts, but Poncelet gave the neces- 
sary criteria. Essentially, he pointed out 
that the ordinary compass and ruler can 
be used to find: (1) the intersection of two 
straight lines; (2) the intersections of two 
circles; and (3) the intersections of a line 
and a circle. The checking of such “‘inter- 
section” criteria can be used to establish 
the equivalence of various geometrical 
tools with the ordinary compass and 
straightedge. There is little reason to be- 
lieve, however, that the motivation for the 
Poncelet-Steiner theorem came from the 
fixed compass problem as such. Instead, 
we find an example of the transfer of 
knowledge from one phase of mathe- 
matics to another seemingly unrelated 
topic. 

It is of course possible to apply the “in- 
tersection criteria’ directly to  fixed- 
compass constructions without reference 
to the Poncelet-Steiner theorem." 


THE “‘ANALYTIC CRITERION” 
AND PROJECTIVE GEOMETRY 


Within only a little more than the past 
century, the use of analytic means of com- 


18 J. Victor Poncelet, Traité des propriétés pro- 
jectives des figures (Paris, 1822); Jacob Steiner, Die 
geometrischen Konstructionen... (Berlin, 1833); 
M. E. Stark (trans.), R. C. Archibald (ed.), Jacob 
Steiner’s Geometrical Constructions ... (New York: 
Scripta Mathematica, 1950). 

16 See, for example, M. F. Woepcke, ‘Recherches 
sur l'histoire des sciences mathématiques chez les 
orientaux,”’ Journal Asiatique, Vol. 5, Series 5 (1885), 
pp. 218-256, 309-359; also, K. Yanagihara, ““On Some 
Methods of Constructions in Elementary Geometry,” 
Téhuku Mathematical Journal, XVI (1919), 41-49. 
The article by Woepcke is the main source of informa- 
tion on Abi’l-Wefa. 


bining algebra and geometry has suppuied 
criteria for what is impossible with the or- 
dinary compass and straightedge as well 
as for what is possible; the same limita- 
tions and possibilities were thereby auto- 
matically set for instruments which are 
equivalent to them. A discussion of this 
matter would lead us too far afield from 
our original purpose. Essentially, however, 
this consists in showing how ruler and 
compass can be used in performing the 
four fundamental operations and the ex- 
tracting of the square root of certain posi- 
tive numbers, providing that an appropri- 
ate co-ordinate system has been set up. 
Particular geometrical problems are then 
related to the roots of certain equations, 
and the constructibility of these roots can 
then be considered. 

In this paper we have confined our- 
selves to the fixed-compass problem as it 
is related to elementary geometry. A de- 
tailed discussion of the Poncelet-Steiner 
theorem and its various modifications 
would lead us to many of the concepts 
studied in projective geometry. We indi- 
cate just one modification of this theorem. 

In 1934 Mordoukhay-Boltovskoy pro- 
posed the question: if the pair of com- 
passes broke before the entire Poncelet- 
Steiner circle had been completed, what 
would one do in this ‘“catastrophe’’?!” 
Actually that question had been answered 
thirty years before, when Francesco 
Severi proved the theorem, ‘All problems 
solvable by ruler and compass can be re- 
solved with ruler and a traced are of a 
circle, with center given.’’!* In relation to 
the geometry of the fixed-compass, this 
means that the fixed-compass need not be 
used more than once, and then only a por- 
tion of the circle need be drawn. It should 
be emphasized that the center of the are or 
circle is necessary. 


17 PD. Mordoukhay-Boltovskoy, ‘‘Sur les construc- 
tions au moyen de la régle et d'un are de cercle fixe 
dont le centre est connu,”’ Periodico di Matematiche 
(Series 4), XIV (1934), 101. 

18 Severi, problemi determinati resolubili 
colla riga e col compasso,”’ Rendiconti del Circolo Mate- 
matico di Palermo, XVIII (1904), 256-259. 
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“To THE INTERESTED READER” 


The “joy of discovery” in mathematics 
is, of course, one of the satisfying charac- 
teristics of its study. For the present we 
therefore leave as a problem “for the in- 
terested reader’ the drawing of fixed- 
compass solutions of other customary 
compass and ruler constructions. The 
problem of constructing a triangle, given 
its three sides, by means of the fixed- 
compass, has fascinated amateur mathe- 
maticians for over 500 years, and it may 
well do so for many more years to come. 

It is by no means a new idea to consider 
constructions carried out with tools other 
than the customary straightedge and com- 
pass an appropriate topic in high school 
and college mathematics. The concept of 
“constructions with limited means’’ has 
been used to refer to a restriction on the 
geometrical tools used or to restrictions on 
the manner in which they are used. Thus 
attention has been given to the construc- 
tions which can be carried out with the 
compass alone, with the ruler alone, with 
a parallel ruler, with the right angle, or the 
like. 

The point that does not seem to have 
been emphasized in the past is that the 
fixed-compass, of all limited means, is of 
particular interest and value. We therefore 
conclude with the following features which 
particularly distinguish the geometry of 
the fixed-compass: (1) the student already 
knows several constructions which use the 
principle of a single opening, and so the 


question of what can be accomplished in 
this way is a natural one; (2) it is based on 
elementary geometrical concepts—there 
is no need to develop new or special topics 
(such as inversion, for the geometry of 
the compass alone) before the student can 
work on the problem; (3) many of the 
basic constructions are within the attain- 
ment of even the average student; (4) the 
fixed-compass is the oldest of the limited 
means, and its history is by far the richest; 
(5) some of the most important motives 
which have led people to do mathematics 
are clearly discernible in its development: 
the motives of the practical, of the puzzle, 
of intellectual curiosity, and of abstract 
theory; (6) it is associated with persons 
who are of interest for other reasons: 
Abd’l-Wefa, Leonardo, Diirer, Cardano, 
Tartaglia, and others; (7) the continuity 
of growth of mathematics is illustrated in 
the independent repetitions of certain ap- 
proaches and results of different persons; 
(8) some of the desirable “appreciations” 
which may result from a study of mathe- 
matics are included here—the contrasts of 
simple and advanced mathematics, of 
utility and abstract theory, of approxima- 
tion and exactness, of conjecture and 
demonstrative proof, of puzzles and prac- 
ticality, of possibility and impossibility, of 
generalization and specialization; and (9) 
the fixed-compass leads into more ad- 
vanced topics in projective geometry, indi- 
cating some of the interrelations in 
mathematics. 
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Over the entire five-year course of study, the 
Soviet student will have spent some 50 per cent 
more time actually at school than is typically 
provided for in the four-year undergraduate 
course of an American student. Or, to put it 
still another way, so far as total time spent in 
school is concerned, it would take over six years 
of residence in an American university to accu- 
mulate as much actual school time as is pro- 
vided for in the five-year curricula of Soviet 
schools.—from Soviet Professional Manpower, 
National Science Foundation, 1955. 
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Trisecting any angle 


ALEX J. MOCK, Porterville Union High School 

and Junior College District, Porterville, California. 

Trisecting angles will be of interest to tenth-graders 

as long as geometry is taught in the high school. 

Here a trisection method which often tempts high-school students 


THROUGH THE AGES, the trisection of any 
angle by use of straightedge and compass 
only has been a rather fascinating problem 
to a countless number of people. The prob- 
lem is still a challenge to many, especially 
to alert students who are taking plane 
geometry. 

Whenever the fact that “‘it is impossible 
to trisect an angle by use of straightedge 
and compass only”’ is presented to a class, 
it invariably stirs the minds of some of its 
members and creates a spontaneous reac- 
tion to the contrary. There are always 
those who are “sure” that it can be done. 


Given: Any Z AOB, are AB, chord AB. 
Prove: Z AOB cannot be trisected by tri- 
secting chord AB. 


1. Using O as center, draw an are AB and 
chord AB. Trisect chord AB so that 
AC=CD=DB. Extend OC to P such 
that OC =CP. 

2. Draw lines AP and DP. 

3. AC=CD=DB 

4. AC=CD, OC=CP 

5. .«. ODPA is a parallelogram. 


is proved fallacious. 


This, of course, calls for a well-developed 
proof that is fully understood by the 
young “mathematician” in light of his 
geometric background. 

It has been my experience, over many 
years, that the direct method of proof 
is much more effective and convincing 
than the indirect or trigonometric proofs, 
The direct proof which follows is one that, 
I feel, my students in plane geometry can 
analyze and develop by logic, more so than 
some other proofs that we have used. By 
way of contrast, an indirect proof is also 


listed. 


IB 


1. Construction. 


. Two points determine a straight line. 

. Construction (trisection). 

. Construction. 

. If the diagonals of a quadrilateral bi- 
sect each other, the quadrilateral is a 
parallelogram. 


& bo 
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6. OR=OD+DR 6. The whole is equal to the sum of its 


parts. 
7. OR>OD 7. The whole is greater than any of its 
parts. 
8. OR=O0A 8. Radii of the same circle are equal. 
9. OA>OD 9. A quantity may be substituted for its 
OA>AP equal in any expression. 
10. Z21=2Z3 10. Alternate interior angles are equal. 
11. Z1>2Z2 11. If two sides of a triangle are unequal, 


the angle opposite the greater side is 
the greater. 

£3>22 12. A quantity may be substituted for its 
equal in any expression. 

13. .. ZAOB cannot be trisected by tri- 13. Definition of trisection. 

secting chord AB. 


An additional proof, using the indirect method, follows. 


Given: Any Z AOB, are AB, chord AB, 
Prove: ZAOB cannot be trisected by tri- R 
secting chord AB. 


. Using O as center, draw an are AB and 1. Construction. 
chord AB. Trisect chord AB so that AC 


=CD=DB. 
2. Either Z21=22=23 or 214#2Z24#2Z3 2. The law of the excluded middle. 
3. Assume Z21=22=Z3 3. One assumption. 
4. AAOD and AOBC are isosceles. 4. If a line bisects the apex angle and 


passes through the midpoint of the base 
of a triangle, the triangle is isosceles. 

. The bisector of the apex angle of an 
isosceles triangle is perpendicular to the 


or 


5. OCLAB, ODLAB 


base. 
6. Since C and D are separate points, this 6. One and only one perpendicular can he 
is false. drawn to a given line from a given point. 
7. .. The assumption that Z21=Z2=2Z3 7. If the conclusion from a correct line of 
is false. reasoning can be proved false, then the 


hypothesis from which the conclusion 
derives is false. 

. Only remaining possibility. 

. Definition of trisection. 


8. 2142223 
9. .«. ZAOB cannot be trisected by tri- 
secting chord AB. 
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Novel drill material for signed numbers 


WILLIAM G. MEHL, Wilson Junior High School, Pasadena, California. 
The extent to which students need to be ‘drilled’ in mathematics 


is debatable. Nevertheless, the search for new ways to present 


THE INTRODUCTION of signed numbers to 
students who are in the initial stage of 
beginning algebra may be accomplished 
in a variety of ways. Most textbooks are 
lacking in what might be termed adequate 
drill needed to establish the new material 
firmly in mind. Effectual selection and 
preparation of such material in the form 
of supplementary exercises could be quite 
laborious and time-consuming on the part 
of the teacher. Too, students soon tire of 
repetitious material. 

The exercises accompanying this article 
are designed to remove some of the load 
from the teacher in making an adequate 
preparation, at the same time adding 


drill exercises continues. Some teachers will find this suggestion useful. 


Exercise 1 


novelty to the material, and thus making 
it more acceptable to the student. In the 
following sample exercise, note that the 
student works toward a definite and im- 
mediate goal in that by applying the cor- 
rect procedure and knowledge of signed 
numbers he will arrive at an accurate solu- 
tion in the square marked Z. He will have 
checked his accuracy if his vertically- 
totaled column results in the same answer 
as his horizontally-totaled row. 

Exercise 1: Add the signed numbers 
horizontally and place answers in the 
column marked Y. Then add vertically 
and place answers in the row marked X. 
Total X and Y at Z. 


3 7 


4 


Novel drill material for signed numbers 


4 

| 
= 

Y 

" —8 | 2 3 7 | -3 0 5 | —5 6 7 ; 
9 | | 8 | -2 5 | -5 | —7 | -—9 |-10 
AS 4 | -3 | 2 0 4 | -1 8 6 | 2 22 
1 | -1 7 |-1 8 2 | -2 | 0 5 19 
3 | /-3 | 1 | 0 | -9 |-10 
Hf 7 5 | -1 6 | -8 3 2 4 S| 14 
e: —1 0 6 | -7 | -4 9 | -7 | 8 
6 9 |} -1 | -3 3 | -2 0 | -6 610 
x | 10 9 8 |-4 | 16 1 | -4 712 
ie 
247 


Note that in the sample exercise the 
horizontal rows and vertical columns have 
been totaled at Y and X respectively 
and that a final total of a positive 27 
has been placed in the square marked Z. 
In actual use, the student would fill in 
row X and column Y and total to Z. 

For the sake of variety, as well as lend- 
ing a touch of simplicity to the material, 
consider Exercise 2 wherein the student 
must complete the grid by filling in the 
blank spaces other than those in X and 
Y. Here the student must locate a row or 
column with one blank space and add the 
signed numbers as far as the given answer 
in Y or X, depending upon his choice of 
direction. Then he must decide from his 
partial sum the appropriate missing ad- 
dend required to arrive at the given answer 
in Y or X. Upon setting down the proper 
addend, the student will probably realize 
he has eliminated one of two missing 
numbers in another row or column and 
proceed to repeat the operation in sub- 
sequent steps until the exercise is complete. 


Exercise 2: Add signed numbers in such 
a manner as to insure an accurate comple- 
tion of the grid. 

Multiplication and division of signed 
numbers may be accomplished by using 
the grid in Exercise 2 after the student 
has successfully completed the addition. 
Note that the columns are headed a, b, c, 
etc. and the rows j, k, 1, ete. Hundreds of 
combinations may be formulated by the 
employment of a system briefly noted be- 
low: 

Substitute values and multiply as fol- 
lows:! 


(a)(b); (a)(c); (a)(d); - - - (A) (A) 

and (j)(k); (7); (j)(m); G(r). 
Also (a+b)(c+d); (m—n)(j—k);--- 
etc. 


Division combinations may be formulated 
in a like manner. 


1 Each value in all of column a would be multi- 
plied by each value in all of column |, etc. 


Exercise 2 

Y 

><] a | d f g h 
| j | | 4 | -2 0 5 
| | —5 8 5 —7 —9 j-—10 
4 2/ 0 -.| 2] 2 

|| —1 2 0 5 
—6 0 1 0 | -9 |-10 |—34 
6 | -8 2 —4 14 

0 9 | +7 8 3 

r 9 —1 —3 3 —2 0 —6 + 

x 10 1 9 1] |-10 Z 

Z 
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Subtraction of signed numbers may be 
administered in a manner similar to that of 
addition. Exercise 3 is shown here as a 
sample. Note that all of the numbers in 
column A are to be considered as minu- 
ends while subtracting horizontally, and 
all numbers in row B are to be considered 
as minuends while subtracting vertically. 
All remaining numbers are to be con- 
sidered as subtrahends with each accumu- 
lative answer becoming a new minuend. 
Final answers would, as before, be placed 
in the row and column marked X and 


Z 


Y respectively. The answer at Z would 
be the result of subtracting through X and 
Y 


Ezercise 3: Subtract the signed numbers 
horizontally to column Y and vertically 
to row X. Use numbers in column A as 
minuends when subtracting horizontally 
and the numbers in row B as minuends 
when subtracting vertically. Subtract in 
X and in Y to a final result at Z.* 


2 Row X and column Y have been filled in here 
for the purpose of demonstrating the method used to 
complete the grid. 


In the Theory of Numbers it happens rather 
frequently that, by some unexpected luck, the 
most elegant new truths spring up by induction. 
—Gauss. 
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Ezercise 3 
B|-5 | -3 4 | -2 1 | -1 0 5 | -7 | -2 
—8 2 3 7 | -3 0 5 | -5 6 |—23 
9 | -4 | -5 8 | -2 5 | -5 | -7 | -9 | 28 
4 |-3 2 0 4 |—-1 8 6 2 |-14 
| 
1 | -1 7 |-1 8 2 | -2 0 5 |-17 
-3 | -4 | -6 0 | -3 0 | -9 |-10 | 28 
i 
a 7 5 | -1 6 | -8 3 2 4 | —4 0 le 4 
—1 0 6 | | -4 9 | -7 8 3 | -9 al ‘| 
ae 6 9 | -1 | -3 3 | -2 0 | -6 4 2 elo 
Bi 
X |-20 | -7 | -1 |-12 6 |-18 | -1 | 14 | —4 3 | 
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An introduction to calculus 
for junior high school students 


ROMUALD A. KUCINSKI, Roosevelt Junior High School, 


Fond du Lac, Wisconsin. 


Calculus in the junior high school? As the author points out, 
it is possible to teach some of the ideas of the calculus intuitively. 
However, great care must be taken not to overload the work 


THIS REPORT concerns a group of young- 
sters at Roosevelt Junior High School who 
were not especially gifted in mathematics 
but were curious enough tostruggle through 
the units presented. The group’s purpose 
was to deal with specific problems rather 
than generalities. It was in no sense an 
experimental group. 

During the school year, the writer 
served as advisor of a ninth-grade mathe- 
matics club. During one of the discussions, 
questions were asked as to the nature of 
various advanced subjects including cal- 
culus.' The writer promised to present a 
few problems for discussion at the follow- 
ing meeting. However, immediately one’s 
mind begins to question the logic of such 
a presentation. Are the backgrounds of 
these young people sufficient to do any- 
thing worthwhile in this field? If so, what 
basic concepts, terms, and definitions can 
be taught and learned? Where does one 
begin? 

After many starts and restarts, the fol- 
lowing unit was developed. First the fol- 
lowing message was presented to the stu- 
dents: 

“A famous man once said, ‘An invention is 1 
per cent inspiration and 99 per cent perspira- 
tion.’ It is the same with mathematics. You do 
not have to be a genius. An average student who 


' Any materials and problems in this review deal- 
ing with calculus were adapted from J. V. McKelvey, 
Calculus (Revised ed., New York: The Macmillan 
Company, 1951), chap. iii, iv. 
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with unnecessary symbolism and terminology. 


is willing to put forth the necessary effort can 
eventually become a good mathematician. 


You hear a great deal about analytic geometry, 
calculus, ete. You may honestly wonder what it 
is all about. There is no mystery about it. The 
problems you are about to do are approached in 
a nontechnical manner simply because you do 
not have the academic background to do them 
in any other way. A problem you do in fifty min- 
utes now will take you about five minutes or 
Jess, later. 


Differential calculus is a study of rates of 
change. The problem you are about to do is one 
of these. Integral calculus involves problems 
where it is necessary to find areas, volumes, arc 
lengths, work, forces, centers of gravity, and 
kinetic energy.” 


MAXIMA AND MINIMA 


The first problems which lend them- 
selves to “solution” are those which in- 
volve maxima and minima. Measurements 
should be done in the metric system, 
which results in simpler mathematical 
processes. 

Problem 1 is explained in detail. No 
algebra is necessary for proceeding with 
these problems. 


CALCULUS PROBLEM | 


A rectangle is inscribed in a circle of 
fixed radius a. Examine its area for maxi- 
mum and minimum values. 

1. Let a be any convenient radius, for 
example, 4 inches. Draw a diameter and 
use it as your base line for further 
constructions. 


4 
| 


. From the center of your circle measure 

off an angle of 5 degrees and draw a line 
through the center of the circle. Repeat 
this in the opposite direction. 


. These lines are the diagonals of a rec- 
tangle formed by the intersection of 
these lines with the circle. Construct 
the rectangle. Measure x and y. Fill in 
this information on your chart and find 
the area. Repeat the above steps for 10 
degrees, 15 degrees, etc. 


Study your results and observe the 


At what values for x and y is the area 
At what values for x and y is the area 


Do you think that the area (maximum) 
has a special shape? 


(Angle 
theta) 


WORK SHEET FOR CALCULUS PROBLEM 1 


AREA 
(In centi- 
meters) 


Problems 2 and 3 may be “‘solved”’ in a 
similar manner. 


CALCULUS PROBLEM 2 


A rectangle is inscribed in a semicircle 
of fixed radius a. Examine its area for 
maximum or minimum values. This prob- 
lem was solved through use of a work 
sheet similar to that used for Problem 1. 
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CALCULUS PROBLEM 3 


An isosceles triangle is inscribed in a 
circle. Examine its area for maximum and 
minimum value. 

Problem 4 is shown with its aeccompany- 
ing table. The completion of the table is 
left to the reader. Problems 5, 6, and 7 
may be “‘solved”’ in a similar manner. 


CALCULUS PROBLEM 4 


If 10,000 persons attend a ball game, if 
the admission is fifty cents, and 200 of the 
10,000 stay away for each five cents added 
to the admission, examine the gate re- 
ceipts for maximum and minimum values. 
Complete the following table: 


NO. OF PRICE TOTAL 
PEOPLE RECEIPTS 
10,000 $.50 $5,000.00 
9,800 55 5,390.00 
9,600 5,760.00 


CALCULUS PROBLEM 5 


If a certain railway carries 28,000 pas- 
sengers per day at five cents each and 
4,000 fewer for each cent added to the 
fare, examine the daily receipts for maxi- 
mum or minimum values. 


CALCULUS PROBLEM 6 


Examine the sum of a number and its 
reciprocal for maximum or minimum 
values. 


CALCULUS PROBLEM 7 


An island C is 1.7 miles south from B on 
a straight lake shore line. The town A on 
the lake shore is 5 miles east of B. If a man 
can walk 4 miles per hour and swim 2 
miles per hour, at what point between A 
and B must he start his swim to travel 
from A to C in minimum time? 

The second phase of the work dealt 
primarily with helping the students de- 
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velop the concept of differentiation. This 
unit involves an algebraic background 
which should include evaluation and the 
squaring of a binomial. 


VARIABLES AND CONSTANTS 


Let us suppose that you drive your car 
at a constant rate of 50 miles per hour. 
The distance you travel may be expressed 
by the formula d=50t where (d) and (t) 
are the variables; that is, they may change 
or vary. Since the distance (d) depends 
upon the length of time you travel (t), one 
may say that the distance (d) is the de- 
pendent variable. For every value of (t), (d) 
has a definite value. Since (¢) may be as- 
signed any value, one may say that (f) is 
the independent variable. Of course, the 50, 
which does not change, is the constant. 

The reader may make up a list of suit- 
able formulas. The final formula should be 
y =2z2. 

FuNcTION 


Definition: If the value of one quantity 
depends upon the value of another quan- 
tity, it is said to be a function of that 
quantity. 

For example: y=2z 


We can now restate our definition in 
this manner: The variable y is said to be 
a function of the variable z, if when z has 
a definite value, a definite value of y is 
determined. 


Now our example can be rewritten: 
f(z) =2z 
[f(x) is read as f of x or function of z] 
Suppose that you were asked to find the 
following: 


1. f(3); 2. f(a); 3. f(a+2). Your proce- 
dure would be as follows: 


1. f(x) 2. f(x) 
f(3) =2-3 f(a) =2-a 
f(3) =6 f(a) =2a 

3. f(x) =2z 


f(a+2) =2(a+2) 
f(a+2) =2a+4 


| 
| 
1 
4 
ay 
i 
| 
4 | 
at 
| 
| 
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In other words, wherever you find an z, 
you substitute the proper value in its 
place and work out the answer in the same 
manner as you evaluated formulas in your 
earlier mathematics. The reader may 
make up a list of functions. 

More important in calculus is to notice 
how the values change in the function, for 
example: 


1. f(x) =3x—2 and x increases from 


1 to 4. 
| 3x —2 = | f(x) 
1 3(1) —2 = 1 
2 3(2) —2 = 4 
3 3(3) —2 = 7 
4 3(4) —2 = 10 


One may conclude that as x increases, 
the value of f(x) increases. 


Examine the following changes in the 
value of the function if: 


1. f(z) =2x—1 and z increases from 
1 to 5. 


| 22-1 = | 


1 
2 
3 
4 
5 


Observation: 


2. f(x) =x?—3x—1 and x increases 


from —2 to 5. 
x = f(z) 
—2 
0 


LIMITS—EXAMINING FUNCTIONS 
FOR LIMITING VALUES 


The concept of a limit is one of the most 
important concepts in calculus. It some- 
times seems that if we allow our value for 
x to become as large as it pleases, our f(x) 
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or answer will become as large or as small 
as we can imagine. 
Let us consider the following functions: 
10 
a) f(x) = 10x b) 
Now in either a or b let x be any number 


you like, but allow it to become larger. For 
example: 


a) if then f(x) =10 
x=2, then f(x) =20 
x=10, then f(x) = 100 
x=100, then f(x) = 1,000 
x= 1,000,000, then f(x) = 10,000,000. 


You can easily see that as x approaches 
«©, f(x) also approaches «. 


b) if x=1, then f(x) =10 
x=2, then f(x) =5 
x=10, then f(x) =1 
x=100, then f(x) =1/10 
x= 1,000,000, then f(x) = 1/100,000. 


For this function, you can easily see 
that as x approaches «, then f(x) ap- 
proaches 0, 

The reader may make up functions 
which approach 1, 2, etc., as limits. 


DIFFERENTIATION—INCREMENTS 


Definitions: The symbol Az (or an in- 
crement) is commonly used in calculus to 
denote the difference between two values 
of x or a change in value of x. Ax is read 
as delta x, “or the delta of x,” or “the 
increment of x.” 

To get a clearer picture of what this 
means, let us take a sample function: 


or f(x)=2? 


and examine it when we introduce an in- 
crement. Complete the following table, let- 
ting Az take the values .01, .001, .0001, etc. 


Ar z+Az} f(x) | f(x+Azx) 
1 3 <a 3.1 9 9.61 
2 3 01 3.01 9 9.0601 
3 3 .001 9 
4 3 .0001 9 
5 3 .00001 9 
6 3 .000001 9 
7 3 .0000001 9 
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f 
4 
ii 
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ik 
ie 
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Now you may reasonably ask, “So?” 

30 one step further and examine the dif- 
ference between the function with the in- 
crement and the function itself—complete 
Column I. Also, while you are at it, find 
out how fast this difference is changing 
with respect to the increment itself. In 
other words, how fast is the function 
changing with respect to the variable (or 
the value of xz)? Complete Column II. 
Column II 
S(z+Ax) —f(z) 
S(z+Ax) —f(2) 


Column I 


0.61 
0.0601 


a) What number is the last column ap- 
proaching as a limit? - 

b) In other words, as x passes through the 
value 3, the function is changing 
— —— times as fast as the value 
of x. 


Now make tables of your own and see 
how fast the answer changes when r=2 
and when «=5. 


a) What number is the last column ap- 
proaching as a limit? eae 

b) As x passes through the value 2, the 
function is changing 
times as fast as the value of z. 


a) What number is the last column ap- 
proaching as a limit? 

b) As x “passes through” the value 5, the 
function is changing 
times as fast as the value of z. 


It is common practice to call this rate of 
change dy/dz, that is, the rate of change of 
y with respect to 2. 


DIFFERENTIATION 


Now that you have differentiated the 
hard way, let’s do it an easier way or one 
way they do it in calculus.” 


1. y=2? 
or 
2. f(x) =2? 
From your tables (x is your 2, 3, 5, or 
any value of x): 
(x)? 
mit 
Az 
(a? 
Ax 
_ 
= limit ——————— 
Az—0 Ax 
= limit (2x+ Ar) 


4z—0 


Let Ax—0 and we have: 

d 

= 22. 

dx 
dy 
—=6 
dx 
dy 
dx 
dy 
dx 
These are the answers you got from the 
tables. 


So if z is 3, 
if x is 2, 


if x is 5, 10. 


DIFFERENTIATION—YOU TRY IT 
Find the limit of Ay/Axr as Az ap- 
proaches zero, that is, the rate of change 
of y with respect to x. Try the following 
problems. 
We'll do problem 1 together. 
l. y=3r—2 
Remember your last column in the tables, 
—f(x) 
Ax 


2 The student must know how to evaluate and 
square the binomial (a+b)?. 
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dy .. . [32-2] 
—= limit 


dx Ax 


dy 


3x2+3Ar—2—32+2 
= limit 


lx az-0 Ax 


3Ar 


ly 
—= limit —-=3 
axe 


dy 
ak 


2. y=2z2-3 

3. y=2?—2z 

4. y=27?—4z 

5. y=22?—-32 
6. y=2?+324+2 


Harder problems: 


7. y=2+1 
8. y=22°—2°+32 


NOTE TO STUDENTS: Look your answers 
over carefully and compare them with the 
original function. Do you notice an even 
easier way of finding derivatives of this 


type? 


Home is where one starts from, As we grow older 


SUMMARY 


Is it feasible to introduce some of the 
concepts of calculus at the junior high 
school level? Yes, but extreme care must 
be taken not to do so at the expense of 
fundamentals that must be taught in the 
traditional pattern. 

Some question may arise as to the selec- 
tion of students for the club. Students in 
our school are allowed to choose any club 
they may be interested in; therefore, the 
majority of the students are of good 
mathematical ability. However, all the 
students in the club seemed to have bene- 
fited from the units presented. 

Through further study, presentation, 
and evaluation of units such as the ones 
presented in this review, we should be 
able to encourage some “borderline” tal- 
ented students to pursue their studies in 
mathematics and enrich the material in 
our junior high school mathematics units. 
Demonstrations of the unit were presented 
by students at our science and mathe- 
matics fair, which attracted more than 
1,000 visitors to its eighty-two exhibits 
over a two-day period. The demonstrations 
were well received. A unit on integration 
is now being developed. 


The world becomes stranger, the pattern more complicated 


Of dead and living. 
—T. 8S. Eliot, Four Quartets 
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Provisions for the slow learner 


LEE E. BOYER, Pennsylvania Department of Public Instruction, 


Harrisburg, Pennsylvania. 
In this age of emphasis on provisions 


for the college-capable group, it is good to know 
that the non-college-capable group is not being forgotten. 


Tue concert “slow learner’’ is a relative 
term. The IQ range for slow-learning 
pupils is probably the span from 75 to 90, 
yet I am certain some high school pupils 
with higher IQs are enrolled in “slow” 
mathematics sections, or are in higher sec- 
tions and are there regarded as “slow” by 
the teacher and, perhaps, by their fellow 
pupils. This paper will regard “slow 
pupils” as pupils who, for one reason or 
another, do not make average progress in 
secondary school mathematics classes; it 
does not, however, refer to mentally re- 
tarded pupils. 

First, let me say that, from the stand- 
point of administration, my belief in the 
use of ability grouping in mathematics 
study is growing. Also, my leaning toward 
smaller classes as the ability level drops is 
becoming more pronounced. I regard 
twenty-five pupils as the maximum num- 
ber of slow pupils for any one class, and 
the slower the pupils, the smaller the class 
should be, with a minimum, perhaps, of 
fifteen pupils. Of course, we hear that 
these things cannot be done, but I main- 
tain that if we really want to do them, they 
can be done. Furthermore, they represent, 
in my opinion, the first provisions we need 
to make in caring for the slow learners. 

From the standpoint of teaching, it is 
my opinion that the principles governing 
good work with slow pupils are very simi- 
lar to those governing good work with 
able pupils. One such principle is, ‘“Noth- 
ing succeeds like success.’’ Another reads, 
‘As is the teacher, so is the school.’ Still 


another, “Education is aimed at meeting 
successfully the problems of living.’”’ Per- 
haps we can state one more, “Learning by 
means of concrete or semiconcrete ma- 
terials is easier than learning by means of 
abstract symbols.” 

Now, let us consider the application of 
these principles to the slow pupil in the 
secondary school. 

1. Nothing succeeds like success. The 
slow pupils in the secondary school are 
probably a by-product of social promo- 
tion. As such, they may have had impres- 
sive experiences of being out of step with 
forward-going pupils. It therefore becomes 
difficult to convince them that they can 
succeed. And this is not idle prattle, for 
they know when they succeed and have a 
keen sense of realization when their suc- 
cess is significant. 

Conditions which seem to be helpful in a 
situation such as this are the following: the 
climate of the room is such that individual 
differences are recognized ; a purpose of the 
school and of this particular class is that of 
desiring to help the pupils; and an atti- 
tude toward slow learners is not one of 
categorizing or penalizing them simply be- 
cause they are different from so-called av- 
erage pupils. The room climate, however, 
should be one in which the best possible 
performance is expected of each pupil. 
This implies that each pupil builds on his 
own present assets, and, of course, this 
rightfully assumes that the pupil has some 
assets. The phrases “I don’t know” or “I 
can’t” should give way to “I'll try.”” After 
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some steps have been taken, the next one 
will be easier; a small beginning has been 
made toward having the pupil gain some 
sense of his own personal significance. It is 
expected that growth—be it ever so slow— 
will be continuous. 

2. Asis the teacher, so is the school. Many 
slow pupils not only have problems but 
also have more complex problems than 
normal learners. Their physical condition, 
economic background, family and emo- 
tional stability, and parental interest are 
sometimes poorer than average. As a re- 
sult, they are apt to be lackadaisical, slug- 
gish, overly sensitive, restless, angry, and 
even insolent. 

Is a teacher of pupils like these able to 
feel that his work with these pupils is im- 
portant; that it has value for the pupil and 
even for society? That is the rub! It can 
happen, and from this recognition of im- 
portance and value may come a priceless 
attitude. It is this attitude that I have in 
mind when I write, ‘‘As is the teacher, so 
is the school.” From such an attitude 
there will automatically beam from the 
face, appear in the words, and reflect from 
the manner a power that will cause the 
slow student first to say to himself, prob- 
ably unconsciously, “School isn’t a half- 
bad place,” and, later, to insist that he 
likes school and wants to stay there. 
When this is achieved, the battle of the 
slow pupil is largely won. 

I hasten to say that I realize there are 
some slow pupils, as well as some others, 
who, in spite of everything the teacher 
may do, are still resentful, and even defi- 
ant, of all authority including that of the 
teacher and of the school. They display an 
aggressive, negative attitude toward all 
that the school attempts to do for them. 
The parents may be unwilling or unable 
to persuade or to force the pupils to take 
advantage of the services the schools offer. 
For such extreme, antisocial cases I recom- 
mend removal of the offenders to special 
schools of the kind known in New York 
City as “600” or ‘‘700” schools. 

3. Education is aimed at meeting success- 


fully the problems of living. It seems to me 
that this principle is particularly applica- 
ble to the slow pupil, because the chances 
are above average that the slow pupil has 
an accumulation of memories of rejection 
and of inferiority. Such memories foster 
protective or withdrawal attitudes that 
work against the mental health so desir- 
able for school adjustment. The secret 
here seems to be to have the pupil recog- 
nize that he can do something success- 
fully, and to instill in him the belief that 
almost all work in life by nearly all people 
is accomplished by doing a relatively sim- 
ple thing well. By all means, the teacher 
needs to be concerned with the strengths 
and capacities that pupils have instead of 
those they do not have. If this is done hon- 
estly and sincerely, another forward step 
will have been taken in winning the battle 
of the slow learner. 

4. Learning by means of concrete or semi- 
concrete materials is easier than learning by 
means of abstract symbols. The attention 
span of slow pupils is known to be shorter 
than that of average pupils. The same ap- 
plies to their memory span. Their visual 
and auditory powers frequently lack dis- 
crimination; indeed, slow pupils often do 
not actually see or hear the differences in 
situations they encounter. Furthermore, 
inability to work independently for long 
periods without obvious results is known 
to characterize the work habits of slow 
pupils. In view of these characteristics, it 
seems clear that the process of generaliza- 
tion would indeed be difficult for the slow 
pupil, simply.because he lacks the ability 
to comprehend a broad view of different 
items which have common factors. For the 
secondary mathematics teacher this prob- 
lem demands an everlasting search for 
ways and means of presenting the mathe- 
matics program in terms of ‘‘things’’—the 
less general and the less symbolic the bet- 
ter. 

Let us apply these four principles to the 
planning and carrying out of the mathe- 
matics teaching program. 

First, success demands a correspondence 
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between assignment and ability. This calls 
for a special “track” for the slow learner. 
Furthermore, the entire school needs to be 
aware of the purpose of a multiple-track 
program in mathematics and to be in full 
sympathy with its operation. There should 
be no stigma attached to the course, to the 
pupils in the course, or to the teachers of 
the course. The attachment of a stigma 
would be seriously detrimental to the un- 
derlying, fundamental belief that every 
pupil has some ability and needs to have 
the opportunity to learn, to grow, and to 
improve to the best of his ability. To bol- 
ster the dedicated teachers who struggle 
daily with the problems of slow pupils, the 
entire school needs to recognize that suc- 
cessful teaching of the slow pupil is an art 
requiring the highest degree of teaching 
skill and professional understanding. 

Many “tracks” for the slow learner 
have been outlined in the literature. In 
Pennsylvania we encourage schools to of- 
fer a four-year track of basic mathematics 
planned for the nonspecialist in mathe- 
matics. Each year the work has special 
emphasis: the ninth year, the individual; 
the tenth year, the earner; the eleventh 
year, the citizen; and the twelfth year, the 
consumer. In the main, this outline of bas- 
ic mathematics is planned for general edu- 
cation purposes and is not planned spe- 
cifically for slow learners. But we urge 
modification of these outlines to suit the 
powers of the slow learners. Depending on 
the plans of the particular school, we 
would also look with favor on fewer than 
four years of mathematics for the slow 
pupil. However, a minimum of two years 
is mandatory under a new ruling in Penn- 
sylvania. 

Of more importance than the number of 
years of study or the titles of courses are 
the course materials. We recommend that 
with a textbook or a workbook a relatively 
large number of supplementary materials 
be used—materials such as_ books, 


brochures, magazine articles, instruction 
booklets, reference works, encyclopedias, 
maps, charts, and information folders. 
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Outdoor projects are helpful, as are also 
indoor projects involving the use of the 
hands and of various tools and media. 
Notebooks are particularly adaptable to 
specific assignments suited to particular 
pupils. The use of notebooks provides ac- 
tivity which may be checked effectively 
and makes possible goals of orderliness 
and neatness that may be of great value 
to such pupils. 

Under the second principle, the teach- 
er’s attitwle and its effect upon the slow 
pupil’s program was considered. Related 
to this item is recognition, beforehand, of 
the fact that the behavior patterns of slow 
learners are often hard to bear. Focusing 
thought upon the child instead of upon his 
faults will help to provide the patience 
that the teacher needs. And patience, in 
this case, leads to the willingness to repeat 
problems in only slightly different con- 
texts. Activities that would be deadening 
drill to the able students can be rather 
wholesome practice for the slow pupil. If 
teacher emphasis is placed upon correct re- 
sponses to exercises rather than upon 
speedy progress in learning, the slow 
pupil may often find delight in rather 
lengthy repetitions of work—work of a 
type found in different textbooks or work- 
books. If the teacher can relate the prob- 
lem material to the pupil’s home environ- 
ment or to his family interests, it is in- 
creasingly likely that the pupil’s confi- 
dence may be won. Winning his confidence 
may result in his willinghess to try to un- 
derstand and to do assigned tasks; this 
may, in turn, crowd out his tendencies to 
be restless and impatient. In the eyes of 
these pupils, graph work, coloring or 
painting, drawing, and even copying cer- 
tain materials are ways and means of do- 
ing good work. The skilled teacher’s atti- 
tude will help him to recognize it as such. 

I believe that colleges which prepare 
teachers have a distinct responsibility in 
providing experiences which include prep- 
aration for teaching average and slow pu- 
pils. It takes only an instant to recall that 
practically all content courses in college 
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mathematics, as well as in educational 
philosophy and methods, are aimed at 
meeting the needs of able learners inter- 
ested in becoming specialists in mathe- 
matical areas. If young teachers teach as 
they were taught, how can they possibly 
be well prepared to teach the slow pupil? 
In view of the fact that the country needs 
at least as many mathematics teachers for 
general education courses as it does for 
specialized courses, would it be unwise for 
colleges to address themselves directly to 
the task of helping teachers learn, through 
experience, ways and means of teaching 
mathematics for general education pur- 
poses? It would seem that this kind of ex- 
perience would be especially helpful in en- 
abling teachers of slow pupils to gain de- 
sirable attitudes. (I developed this idea 
more fully in an article titled, “A New Re- 
sponsibility of Teacher Education Pro- 
grams”’; this was printed in the February, 
1954, issue of THE Matuematics TEACH- 
ER.) 

The previous references to problem ma- 
terial chosen because of its appropriate- 
ness to the individual, the earner, the citi- 
zen, and the consumer, indicate the effort 
made to have the program contribute to 
the goal of meeting successfully the prob- 
lem of living. But aside from the more or 
less direct attack on this problem by way 
of related mathematical problems and ex- 
ercises, the program will use opportunities 
in the mathematics classes to emphasize 
social phases of mathematics. Some of 
these phases are listed below: 


1. Understanding the approximate nature 
of measurements and the need for be- 
ing careful in using measuring instru- 
ments. 

2. Learning about the development and 

social significance of money, taxation, 

banking, and standard time. 


3. Obtaining knowledge of the kinds and 
sources of information essential for wise 
buying and selling and for general eco- 
nomic competence. 

4. Understanding the quantitative vocab- 
ulary encountered in reading, in busi- 
ness affairs, and in social relations. 

5. Acquiring the ability and disposition to 
secure and utilize reliable information 
for dealing with personal and commun- 
ity problems. 


Finally, let us consider the use of con- 
crete or semiconcrete materials in the in- 
structional process. Reference has already 
been made to the method of teaching by 
projects. The slower the pupils the more 
concrete the projects need to be. Although 
slow pupils usually are lacking in precise 
imagination and curiosity, step-by-step 
written directions will often be helpful; 
lengthy verbalism should be avoided. 
Mathematics classrooms for the slow 
learners need to be profusely equipped 
with mathematical teaching aids. Mathe- 
matical films and film strips are useful, 
perhaps more for their contribution to 
variety and entertainment than for any 
great contribution to the learning process. 
Pupil dramatizations and object illustra- 
tions of mathematics problems and exer- 
cises are good “attention holders’ and 
“understanding givers.” For the more 
able of the slow students, sketches or 
drawings on paper will serve to illustrate 
the meaning of exercises and problems. 
Models illustrating mathematical prob- 
lems can often be built by the pupils un- 
der the guidance of the teacher. If com- 
munity resources can be used satisfac- 
torily (and instruction for this purpose is 
often helpful), they may serve significant- 
ly to help the pupil gain both mental 
health and personality adjustment, in ad- 
dition to learning mathematics. 
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The role of elementary mathematics 


in general college mathematics 


HERMAN ROSENBERG, New York University, New York, New York. 


A RECENT article’ in THe MaTHEMATics 
TeacueEr briefly presented the view that 
the practice of including elementary- 
school and secondary-school mathematics 
in college mathematics programs for gen- 
eral education should cease. The present 
article originates from the dismay ex- 
perienced by the present writer as he con- 
templated the implications of this view. 
Indeed, upon reflection, this recent article 
necessitates the clarification of some fun- 
damental issues in the problems of aims, 
method, and content in the entire program 
of mathematics education. 

The broad problem of the selection and 
organization of the content of college 
mathematics courses for general education 
is, of course, still very much unresolved.? 
Thus, some support for a reduction of ele- 
mentary mathematics in college mathe- 
matics may be found, for example, in the 
published opposition’ of the Harvard Uni- 
versity Committee to college repair of 
remedial mathematics in programs of gen- 
eral education. The Harvard Committee 
based its opposition on the grounds of its 


1M. F. Smiley, “Elementary School and High 
School Mathematics for the Colleges?” Toe Matue- 
matics Teacuer, LI (January 1958), 16-17. Smiley's 
article was a reaction to T. M. Simpson, “‘Mathe- 
matics in the College General Education Program,” 
Tue Maruematics Teacwer, L (February 1957), 
155-159. 

2 See, for example, Herman Rosenberg, ‘‘The Role 
of Statistics in General Mathematics Courses for 
College Freshmen,’’ Tue Maruematics Teacuer, L 
(May 1957), 343-346. 

3 Harvard University Committee, General Educa- 
tion in a Free Society (Cambridge, Massachusetts: 
Harvard University Press, 1945), p. 224. 
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The problem: What is the role, if any, 
of elementary mathematical concepts in a college curriculum? 


expectation that college efforts to repair 
such mathematics would involve: 


1. Much elementary repetition of second- 
ary-school mathematics. 

2. Little hope of substantial gain from a 
second exposure. 


However, on the other hand, reference 
may be made to such views as those of 
McGrath and others‘ who feel that it is an 
obligation of our college programs for 
general education to repair deficiencies of 
a basic nature in elementary-school and 
secondary-school mathematics (primarily 
arithmetic, elementary algebra, and plane 
geometry). 

Analysis of the article to which the 
present writer wishes to take exception 
reveals that the justification provided 
therein for the proposed cessation of ele- 
mentary mathematics in general college 
mathematics rests upon the following 
three explicit arguments, each of which 
will be explored in the remainder of the 
present article: 


1. Some elementary-school and _high- 
school teachers reduce the content of 
mathematics in their teaching programs 
on the ground that such mathematics 
will later be taught by the colleges, 
anyway.® 

2. The present “crash program’”’ for in- 
creasing mathematics study in the high 
school may be assisted by college re- 
4Earl J. McGrath and Others, Toward General 

Education (New York: Macmillan Company, 1948), 


p. 25. 
5 Smiley, op. cit., p. 17. 
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fusal to teach elementary-school and 
high-school general mathematics.® 

3. General college mathematics courses 
which include elementary mathematics 
do “. .. very serious harm to the true 
goals of general education in America.’’? 


“LET THE COLLEGES DO OUR JOB”: 
A REAL OR ILLUSORY ALIBI? 


Consider the argument that the inclu- 
sion of elementary-school and secondary- 
school mathematics in general college 
mathematics courses provides an “alibi” 
for teachers of elementary or secondary 
mathematics to reduce the amount of 
mathematics to be taught. In the opinion 
of the present writer, such an argument is 
a rather weak one. If there are mathe- 
matics teachers below the college level 
who are determined to shirk their duties, 
they may do so regardless of the nature of 
college mathematics courses. Finding ap- 
propriate rationalization for such derelic- 
tion of duty would surely not be the 


major barrier for unprofessional persons. - 


On the contrary, the experience of the 
writer over many years with teachers of all 
levels of elementary-school and secondary- 
school mathematics has been that, far 
from consciously “lying down” on a 
teaching job with the alibi that mathe- 
matics teachers in higher institutions will 
do the job, mathematics teachers have at- 
tempted to stimulate interest in the 
mathematics to be taught in succeeding 
courses or on the next level of instruction. 
As a member of a state-wide mathematics 
subcommittee recently working on the 
problem of articulation of mathematics 
instruction between secondary schools and 
colleges, the writer was tremendously im- 
pressed by the sincerity of the efforts of 
secondary-school mathematics teachers to 
improve such articulation via the mazi- 
mizing of their potential contributions. 
Indeed, a danger to college mathematics 
instruction has been that some secondary- 
school mathematics teachers may present 


Loe. cit. 
7 Ibid., p. 16. 


to their classes, as a “preview of coming 
attractions,” some “half-baked” concepts 
of calculus (for example, “rules” for the 
differentiation of algebraic or transcen- 
dental functions without any meaningful 
discussion of the basic limit concepts). 


SABOTAGING OR SUPPORTING THE PRESENT 
“CRASH PROGRAM” 


The argument that the cessation of the 
teaching of elementary-school and second- 
ary-school mathematics may assist the 
present emergency ‘crash program”’ for 
the training of engineers, scientists, and 
other personnel of mathematically- 
oriented professions also needs further 
examination. In the first place, the refusal 
of our colleges to include elementary- 
school and/or secondary-school mathe- 
matics in their mathematics programs 
could actually damage our “crash pro- 
gram” if the opportunity to get on the 
mathematical “band wagon” is hindered 
for able college students such as these: 


1. Students who were not stimulated on 
lower levels of mathematical instruc- 
tion, but who might be stimulated on 
the college level. 

2. Students who “‘mastered” basic elemen- 
tary mathematical skills on lower levels 
of mathematical instruction, but who 
seek renewal of such skills—possibly 
because of forgetting a considerable 
amount of basic material during the 
many years between the completion of 
secondary-school mathematics and the 
commencement of college study. 


Furthermore, in our justifiable desire in 
today’s “Sputnik Age’ to modernize our 
entire program of mathematical instruc- 
tion—particularly with reference to the 
needs of gifted students—we cannot ignore 
on the college level the needs of those 
many general students who do not seek 
careers involving “spectacular” uses of 
mathematics or who are less gifted mathe- 
matically. The mathematical needs of the 
latter group may not be those mathe- 
matical sciences which are exclusively 
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modern. It is certainly sound to reject all 
obsolete content in our general college 
mathematics courses, but to neglect ele- 
mentary premodern mathematics where 
the needs of general college students re- 
quire such mathematics is surely question- 
able. Indeed, it is interesting to note that 
about one third of the content of a new 
published mathematics manual for college 
students consists of arithmetic and that 
the author justifies this by his view that a 
major difficulty for students has been their 
lack of grasp of basic arithmetic rarely 
studied in a formal manner after the 
eighth grade. The author writes: “It may 
be safely said that at least 75 per cent of 
the mathematical demands of all college 
courses—and an even higher per cent of 
the mathematical demands of everyday 
living—can be met with a thorough 
knowledge of arithmetic alone. But what 
realist can assume that by the time the 
student has finished the eighth grade he 
has achieved a thorough and lasting 
mathematical literacy sufficient to meet 
these further demands?’’* 

It is of some value also to consider 
another possible effect of full acceptance 
of this questionable theory that college 
“denial” will force elementary-school 
and/or secondary-school “exertion” in 
mathematics during a “crash program.” 
When carried to its logical extreme, this 
theory might justify return (by mathe- 
matics teachers) of students to a preceding 
grade, teacher, institution, etc., on the 
ground of student deficiency (in either 
quantity or quality) in merely a mathe- 
matical topic or series of topics. 


HARMING OR ACHIEVING 
THE “‘TRUE’’ GOALS OF GENERAL 
EDUCATION 


In the view of the writer, the argument 
that the inclusion of elementary mathe- 
matics in general college mathematics 
courses is seriously harming the ‘‘true’”’ 


* Francis J. Mueller, Essential Mathematics for 


College Students (Englewood Cliffs, New Jersey: 
Prentice-Hall, Inc., 1958), p. v. 
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goals of American general education lacks 
justification. Of course, it would be nice to 
know those “true” goals, but presumably 
they are “‘parameters”’ in a sort of statisti- 
cal universe and they are to be “esti- 
mated” via a sampling of mortal opinions. 

Now, the general “strategy”’ of mathe- 
matics curricula from the lowest levels of 
the mathematics of the elementary school 
to the upper regions of college mathe- 
matics includes the consolidation of the 
learning gains of previous mathematics 
courses or levels of instruction. For exam- 
ple, in the early years of junior high school 
mathematics, concepts of elementary- 
school arithmetic may be reviewed, made 
more meaningful, extended, and finally 
integrated with problems of modern living. 
A similar situation is possible in programs 
of general mathematics for college fresh- 
men, if it is realized that good mathe- 
matics teachers on all levels of instruction 
meet the student at his actual level of 
learning and then attempt to help him to 
raise this learning level to the highest pos- 
sible mathematical “‘plateau”’ of value to 
the student and society. 

Specific illustrations of how the inclu- 
sion of elementary mathematics in college 
mathematics may conceivably aid the 
“true” goals of higher education are not 
difficult to find. Thus, in their elementary- 
school or secondary-school training in 
mathematics, some students may fail to 
learn adequately fundamental mathe- 
matical concepts for reasons such as these: 


1. Lack of student readiness for learning 
at the time the mathematical concepts 
were taught. 

2. Inability of certain mathematics teach- 
ers or textbooks to clarify or stimulate. 


Now, it has been the common experi- 
ence of the writer and of many others who 
observed such students that they may 
need and can “get” (i.e., assimilate) on a 
given level of instruction the mathematics 
which eluded them on a prior level of in- 
struction. The writer vividly recalls nu- 
merous secondary-school students who 
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considered themselves mathematical 
“flops” prior to entrance into service in 
the Second World War, but who re- 
turned to formal study as veterans, ap- 
parently spurred by a new motivation 
which provided a more mature and deter- 
mined outlook. They did an excellent job 
in remedial secondary-school mathematics 
and entered careers in fields such as teach- 
ing and engineering. Again, the writer has 
had frequent contacts with graduate stu- 
dents who had _ elementary-school or 
secondary-school records of mathematical 
insecurity and failure, but who, stimulated 
by the need for statistical training for doc- 
toral research, regained security and de- 
rived benefit from a ‘‘new look” at ele- 
mentary mathematics even at the gradu- 
ate level. 

It may be helpful, too, to recall recently 
published reports of fear, hatred, and ig- 
norance of arithmetic on the part of ele- 
mentary in-service and pre-service teach- 
ers of arithmetic. Thus, a recent survey 
led Dyer and others to make such allega- 
tions as these: “Future teachers pass 
through the elementary schools learning to 
detest mathematics. They drop it in high 
school as early as possible. They avoid it 
in teachers colleges because it is not re- 
quired. They return to the elementary 
school to teach a new generation to detest 
it.”* It would appear that, instead of pre- 
venting teachers of arithmetic from study- 
ing remedial elementary mathematics on 
the college level, the “true” goals of higher 
education would suggest that these teach- 
ers be encouraged, stimulated, and inspired 
to approach the hitherto unsealed “moun- 
tain” of elementary mathematics by way 
of new routes on the university level. In- 
deed, to fail to do the latter today seriously 
endangers our present ‘‘crash program,” 
since the obvious fact is that our future 
mathematicians, engineers, scientists, and 
teachers of science and mathematics begin 
their mathematical training in the “cra- 


® Henry S. Dyer and Others, Problems in Mathe- 
matical Education (Princeton, New Jersey: Educa- 
tional Testing Service, 1956), p. 22. 


dles” of the teachers of elementary 
mathematics. 

Finally, in this connection, it may be 
worthwhile to note that if a general col- 
lege student, seriously deficient in ele- 
mentary mathematics partially as a conse- 
quence of the college refusal to “degrade”’ 
itself by offering elementary mathematics, 
leaves his college with the expectation of 
trusting the “experts” to do for him his 
mathematics (and possibly the rest of his 
thinking), then the resulting danger to the 
individual and society may be ample evi- 
dence of the defeat of the ‘‘true” objectives 
of general education. 


CONCLUDING REMARKS: THE ROAD AHEAD 


Actually, the fundamental question is 
not whether all college general-mathe- 
matics courses should include considera- 
tion of elementary mathematics or 
whether all such courses should omit ele- 
mentary mathematics. The emphasis 
should properly be placed not on the “‘pre- 
fabricated” general-mathematies college 
course of the “absolute” variety, but 
rather on the tremendously varied stu- 
dents who come together for such courses. 
In the opinion of the writer, our nation 
cannot risk any further delay in the full 
comprehension of the realistic fundamen- 
tal principle that elementary mathematics 
should be provided for those college stu- 
dents who need it. Hence, it is conceivable 
that certain general college mathematics 
courses may well omit topics from elemen- 
tary-school arithmetic if students in such 
courses show that they do not need such 
material. Of course, it may be that for 
such groups even such “elementary” top- 
ics as the “number concept,” “system of 
notation,” and “geometric applications to 
measurements” need not be treated in an 
elementary manner, but rather may be 
considered from such an advanced view- 
point that the goals of mathematical ma- 
turity desired may be on “appropriate” 
college levels. Thus, the topic of the 
“number concept” might include a modern 
deductive development of the basic prop- 
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erties of various number systems'® and an 
introduction to the theory of transfinite 
numbers." The level of abstractness for 
such courses would necessarily vary with 
the location of the institution, the pur- 
poses of the institution, the background 
of the teacher, and, of course, the nature 
of the students within a given course. 
There is a corollary to the v riter’s con- 
tention that the elementary mathematics 
which may be included in college mathe- 
matics need not be restricted to those 
topics of elementary mathematics which 
may lend themselves to more general or 
advanced treatment. Opportunities for 
basic remedial elementary mathematics 
should, at least, be available to college 
students in general education and to all 
others who seek such assistance—possibly, 
if necessary, in noncredit courses or 


10 See, for example, the memorable doctoral dis- 
sertation of Howard F. Fehr, A Study of the Number 
Concept of Secondary School Mathematics (New York: 
Bureau of Publications, Teachers College, Columbia 
University, 1940). 

" See, for example, J. Houston Banks, Elements of 
Mathematics (New York: Allyn and Bacon, Inc., 
1956), pp. 219-222. 


mathematical clinics. Such assistance 
might profitably be provided by resource- 
ful and imaginative teachers imbued with 
modern theories of meaning and under- 
standing in the teaching of mathematics. 
They will be sincerely desirous of guiding 
each student toward the realization of his 
maximum mathematical potential in order 
to salvage,'? conserve, and utilize all the 
possible human mathematical power ur- 
gently needed in meeting the challenges of 
the new Space Age. 


12See, for example, recent expositions of the 
following: 

a. A warning that possible present neglect of 
students with non-academic training in mathematics 
may eventually handicap scientists by causing a lack 
of suitably trained technicians and allied workers: 
Max A. Sobel, “‘Are We Forgetting the Non-academic 
Student?” The New Jersey Mathematics Teacher, XIV 
(April 1958), 9-11. 

b. A view that “... every college without excep- 
tion has to take care of some unfinished high school 
business. ... The responsibility of dealing with the 
deficiencies of the high school graduate remains with 
the colleges and universities. . . . If it is true that we 
are approaching a serious shortage in skilled and highly 
qualified manpower in the nation, then we cannot af- 
ford to flush out potential talent before it has had 
time to prove itself.’’ From an article by Cornelis W. 
deKiewiet, ‘‘Action Under Way,” American Council 
of Education, as quoted in Tue MatTsematTics 
Teacuer, LI (April 1958), 293. 


“The central issue on which our security de- 
pends is not whether we can graduate more en- 
gineers and scientists than the Soviets. It is 
whether we can improve still further the quality 
of our scientific training. It is whether we can 
find better methods consistent with our demo- 
cratic principles for focusing the attention of our 
best scientific minds on the technical problems 
critical to our security. It is whether we can ef- 
fectively administer our research and develop- 
ment.”—Soviet Professional Manpower, Na- 
tional Science Foundation, 1955. 
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Mathematics curriculum in perspective 


Cc. C. MACDUFFEE, University of Wisconsin, Madison, Wisconsin. 


Will the present proposals for reform 


of the mathematics curriculum be acceptable 
to engineering colleges? Is there a danger 


As soon AS curriculum revision is sug- 
gested, many persons spring up with all 
the answers and with novel methods of 
approach which they have been waiting 
for years to try out. I know of no profes- 
sion in which so many people are eager to 
try something new and drastic as in the 
teaching profession, particularly in mathe- 
matics. I am guilty myself, but I am not 
alone. My colleagues agree on almost 
nothing regarding methods of teaching. 
The remarkable fact is that so many dif- 
ferent methods will work. 

This emphasizes the fact that the teach- 
er-pupil relation is a very personal one. If 
A, B, and C are teachers and X, Y, and Z 
are pupils, it may be quite impossible to 
rate the teachers in the order of their 
teaching ability, for A may be the best 
teacher for pupil X, while B is the best 
teacher for pupil Y, and C for Z. There 
is something resembling sympathetic vi- 
brations between teacher and pupil which 
may result in resonance between the minds 
of teacher A and pupil X, but which re- 
sults in something akin to interference 
between teacher A and pupil Y. I don’t 
understand it, but I know that it takes 
place. 


* An address delivered December 27, 1957, at 
Indianapolis at a symposium on mathematics instruc- 
tion, a program of Section A of the American Associa- 
tion for the Advancement of Science, co-sponsored 
by the National Council of Teachers of Mathematics 
and the AAAS Cooperative Committee on the Teach- 
ing of Science and Mathematics. 


that these proposals are unrealistic? 


It would seem, then, to be an almost 
impossible task to devise a curriculum 
suitable for all teachers and all students. 
In the first place, teachers differ sharply 
in their abilities, knowledge of mathe- 
matics, and interests. I wish it could be 
said that all teachers are fundamentally 
scholars. It is not true in all American 
schools at the present time, and a teacher 
with little genuine respect for scholarship 
cannot be expected to instill such respect 
in the minds of his charges. Then, too, 
the mathematical preparation of teachers 
varies much more than it should. Stand- 
ards of accreditation mean little when 
half the mathematics teachers are not 
accredited in their subject. And, finally, 
good mathematics teachers do not always 
agree among themselves on the relative 
interest and importance of the various 
topics in the curriculum. 

In the second place, the pupils differ 
markedly in mathematical ability and in 
background. The answer to the first point 
would be to segregate the students ac- 
cording to ability, and ideally this would 
not be a mere separation into the good 
and the poor. If you have taught a so- 
called fast section, you will remember that 
as soon as a little heat was turned on, these 
students who were formerly all A’s sepa- 
rated into the usual groups from A to F. 
To make this plan a real success, the stu- 
dents would have to be split into half a 
dozen sections, and very few children 
would go into the fastest section. 
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The optimal way to handle this prob- 
lem would be to establish a school for 
geniuses on a national scale. If some per- 
son or foundation wishes to make an im- 
mediate and profound impact on Ameri- 
can education and culture, here is an op- 
portunity. A group of several hundred 
children ready for high school, all emo- 
tionally normal but of exceptional promise 
as students, could be placed in the environ- 
ment of a small rural college and taught 
by young doctors who believe in the ex- 
periment. In four years these students 
could cover the material now distributed 
over the eight years of high school and 
college, and be ready for graduate school 
at eighteen. Think of adding four en- 
thusiastic years to the life of a scientist 
or scholar! 

But we must assume, perhaps reluctant- 
ly, that homogeneous grouping is not im- 
mediately to be put into operation, and 
that we are teaching a group without 
many real geniuses. Shall we assume that 
the teachers are also an average group? We 
must then be satisfied with the usual re- 
sults, some A’s, some F’s, and most of the 
class intermediate between them. This is 
what we more or less tacitly try to ac- 
complish. The F stands for frustration on 
the part of the student and failure on the 
part of the teacher. But all of us are used 
to it. 

The problem now is statistical. There 
is only one way to solve it, and that is by 
the method of experiment. We must have 
average classes and we must use average 
teachers, or the results of our experiments 
are not valid. 

Nowhere is there such a difference in 
results as in the teaching of abstract con- 
cepts in mathematics—this I believe. 
Many high school teachers would be in- 
capable of teaching abstract concepts, 
both because they have never studied them, 
and because they would find it difficult 
to grasp these concepts if they had studied 
them. Many high school students cannot 
understand abstraction. Some readers will 
probably object at this point. Fine. Here 


is a place where the experimental method 
comes into play. What method of ap- 
proach will allow an ordinary teacher to 
impart what abstract ideas into an ordi- 
nary pupil’s mind, and how fast and at 
what stage in his development can this be 
done? This is not a point to be debated or 
voted upon. It is a point to be determined 
by objective experiment. I believe that 
the pilot programs that are being tried 
and are to be tried go quite a distance 
toward a solution of these problems. 

But before we make any drastic recom- 
mendations for revision of the curriculum, 
we must be very sure of our ground. To be 
wrong at this juncture would be to court 
disaster from several directions. 

One threat comes from our friends the 
Educators, who spell it with a capital Z. 
Many of these people have never been 
reconciled to allowing mathematicians to 
decide upon the mathematics curriculum 
even at the college level. They insist that 
most of us are unrealistic teachers. They 
believe that candidates for a college-teach- 
ing position should be indoctrinated and 
trained by themselves. We do not agree 
with this. But it is quite important right 
now for us to make no serious mistakes, 
for this would give ammunition to our 
critics. We must prove we are realistic. 

There is some evidence that our tradi- 
tional friends and supporters the engineers 
and applied mathematicians are not al- 
together satisfied with the present trend 
of our thoughts. With depressing regular- 
ity we hear that the engineering depart- 
ment of some university wants to teach 
mathematics in its own way to its own 
students. Departments of physics are 
giving courses in applied mathematics 
which could just as well be given in the 
mathematics department. All this is ac- 
companied by a feeling that mathemati- 
cians are interested only in pure research 
and that the problems of our sister sciences 
are no longer important sources of in- 
spiration for new mathematics. If this 
feeling is substantiated, we can expect 
soon to have no control or influence over 
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the teaching of the subject in high schools 
or even in universities. 

I shall assume that you agree with me 
that mathematics in the high school, and 
in the freshman year at least in college, 
should be broad enough to serve as a basis 
for future work in statistics, in physics, and 
in engineering as well as in pure mathe- 
matics. A curriculum with such broad ob- 
jectives must be well balanced as to sub- 
ject matter so that it shall contain the ele- 
ments of all the important branches of 
mathematics. It must be well balanced be- 
tween theory and the skills. And it must 
be balanced as to difficulty so that the 
good student as well as the excellent stu- 
dent can get something out of it. 

It is now generally recognized that we 
have neglected theory in most of our tradi- 
tional courses. Hence we now have some 
who advocate throwing out almost all drill 
exercises and spending most of the time 
on theory. Few persons would oppose the 
introduction of as much theory as the stu- 
dent can take. But I do feel that drill exer- 
cises in algebra and the calculus must be 
continued. 

Perhaps the most important precept of 
mathematics teaching is that the intuition 
of the student must be developed to the 
utmost. He must be induced to develop a 
feeling for the subject. A rigorous proof 
of a general theorem that the student does 
not have a feeling for is of less value to 
him than the proof of a special case that he 
does sense. The meaning and complete 
significance of a theorem should be ex- 
plained before the proof is attempted. 
Oftentimes the proof is then obvious or 
routine. 

Perhaps the most vital and pressing 
reform in elementary teaching consists in 
bringing the point of view into line with 
modern thought, in not giving the student 
any idea that he will afterwards have to 
abandon. Some students would rather give 
up their religion than some erroneous con- 
cept that they were taught by a favorite 
high school teacher. This reform implies, 
of course, that the teacher know quite a 


lot about his subject. 
There is little question in the minds of 
all of us regarding what we want to ac- 
complish. We wish to bring the modern 
point of view into the high school and the 
first year of college. We cannot afford to 
discard the basic theorems in the tradi- 
tional subjects—arithmetic, algebra, geom- 
etry, trigonometry, and the caleulus—but 
this standard curriculum should be mod- 
ernized to include something of logic, set 
theory, and possibly topology and abstract 
algebra. The debatable questions concern 
how much this new material should be 
stressed and how fast it can be presented. 
It is probably not just a matter of 
chance that abstract mathematics flowered 
only in the twentieth century. The human 
mind works from the concrete to the ab- 
stract, even in the case of genius. With 
a genius the passage from the concrete to 
the abstract may be rapid, but with most 
minds it is slow. Perhaps many minds are 
not capable of mathematical abstraction, 
no matter how slowly and carefully it is 
presented. It is right at this point that 
the experimental method is called for, 
and I can think of no other valid approach. 
I hope that I will not be considered a 
wet blanket if I hazard the opinion that 
genuine reform in mathematical teaching 
is intimately tied up with reform in all 
kinds of teaching. This is a long-range 
problem that will not be solved by any 
magic formula. It will not be solved until 
the citizens of the United States want it 
to be solved. As long as merely keeping 
the child happy is a more important ob- 
jective than his education, we cannot 
make progress. When the nation is ready 
to pay teachers an appropriate wage and 
to render them the honor and respect that 
is their due, we can begin to go forward. 
When scholarship is honored above ath- 
letic ability, and extracurricular activities 
are trimmed to size, the millenium will be 
near. Then, with the teachers uniformly 
good and the pupils eager and able, the sky 
will soon be so full of American sputniks 
that even the sun will hide its head. 
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Sums of powers of integers 


ROBERT C. YATES, College of William and Mary, 


Williamsburg, Virginia. 


Many advanced high school students will be interested 
in the formulas for integers, and the models may fascinate them. 


THE FOLLOWING DEMONSTRATION makes 
accessible for algebra, calculus, and statis- 
tics a formula to calculate sums of powers 
of the first n positive integers. 


Consider, 


> [(k+1)?—k?] p>1,aninteger. (1) 


If the summation is written out in detail: 
[2°—1”]+ [3»—2°]+ [4°—37]+ --- 
+[(n+1)?—n"], 
it is evident that all terms cancel except 
(n+1)?—1. (2) 
On expanding (k+1)”, the summation ap- 
pears as 
k=l 
+p-k+1]. (3) 


We now equate (2) and (3), consolidating 


which will give the sum of any power of 
the integers in terms of the sums of lower 
powers. Thus for p=2, 3, 4, 5: 
(n+1)?—(n+1)=2 
(n+1)*—(n+1)=3 k+3 
(n+1)*—(n+1) (5) 
=4 k+6 Dk 
(n+1)§—(n+1) 
We now determine multipliers a;, de, - -, 
a,_, for a sequence of equations (5) which 
will, after addition, eliminate all terms in 
the right member except )> k?-!. That is, 
we need numbers a; (integers by choice) 
such that 
2a: +3a2.+4a3+ +pa,i=0 
3a2.+6a3+10a,+ - =(0 (6) 
--- =0 


where coefficients are the binomial num- 
bers from columns of the Pascal triangle: 


the last term 9 
3 3 
of (3) with (2). This produces the Generat- 5 10 10 5 
ing Form: 
(n+1)?—(n+1)=,Ci D> ke +p Dok (4) 
k=1 k=1 k=l 
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The solutions a, - , @p-2in terms of ay_1 
expressed in determinant form have the 
denominator 
23 4 5 
10 
D=|0 0 4 10 


=(p—1)! 


000 0: : 


Numerators seem not to have a pattern 
and must be calculated as in the following 
two examples: 

(1) For p=4, D=3! and 
4 3 
6 3 


a3 = a3; 


3! 


! a;= —2a3. 
2 3! 3 3 


Thus for integers a;, select as=1. Then 
a,=1, a2= —2. Accordingly, 


(n+1)4—2(n+1)*+(n+1)?=4 > 


or, since the left member is the square of 
the sum >> k, we have the well-known and 
striking result: 


k=1 k=1 


(2) For p=5, D=4! and 


5 8 4 
10 3 6 
10 6 
010 4 5 


Thus for a4=6, we have the least integer 
giving integral values a. Then a,=0, 
a,=10, —15. Accordingly, 


6(n+1)*—15(n+1)4 
+10(n+1)*—(n+1)=30 > kt 


or, 


30 >> k*=n(n+1)(6n?+9n?+n—1). 
k=1 

A collection of unit squares may be used 
to display certain of these sums in a man- 
ner fundamentally naive but nonetheless 
interesting. A checkerboard, a sheet of 
perforated stamps, even children’s build- 
ing blocks make helpful models. 

Two n by n triangular arrays with 
“step” hypotenuses each with area 


k=14+24+34+ +--+ +n 
1 


may be meshed as in Figure 1 to form an 
n by n+1 rectangle. Thus: 


2 k=n(n+1) or (n+) 


This is nothing more than the successful 
trick of writing the sum first “forwards,” 
then “backwards,” then adding number 
pairs to get the double sum. 

We now form the pattern of Figure 2 to 
establish a rectangle with sides n+2 and 
1+2+3+ ---+n=n(n+1)/2, then con- 
sider 


k(k+1) 


=1-24+2-343-44 +n(n+1) 
=2[1+(1+2)+(1+2+3)+ --- 
+(14+2+3+ +n)], 


Sums of powers of integers 269 


rr) 
0 0 10 5 
4! 2 
ve 
| 
ES 
AL 
2 4 
n 
i 
} 
| 
4: 
| 
1 
| 4! 3 
ES, 
| 
| | 


Figure 1 


4 


Figure 2 


a sum represented by the cross-hatched 
area to the right and below the heavy 
broken line. The remaining area of the 
rectangle is (counting from bottom to ‘The entire area, then, is 


top): 
+(1+2+3+ +--+ +n) 


(1/2) 


=— (n+1)(n+2). 


which is 
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Accordingly, The pattern of Figure 3 is a square 
formed by a successive bordering process. 
n(n+1)(n+2) Four 1 by 2 rectangles border the unit 
3 square; nine | by 3 rectangles border this; 

etc. The accumulation is 


k(k+1) = 
1 


--- 
1 


and thus Now the square apparently has side 


n(n+1)(n+2) n(n+1) n 
1424+3+---+n= Dk 
1 


and thus 


n(n+1)(2n+1) 
6 


4 


SN YW 

N GY 
N \ YY 
LEN RAM WUE: 


n(n+1)/2 


YW 
j 


A» 


Yo 
4 
44 


7, 


Sums of powers of integers 271 


n n 
| 
or 
| | 
1, 
af 
: 
\\\ N Yj 
Gy 
: 
: 
| 
| 


The concrete basis of the abstract 


W. W. SAWYER, Wesleyan University, Middletown, Connecticut. 
The Commission on Mathematics recommends that the postulates 


of a field should form the basis for organizing 
a course in first-year algebra. This article raises 


TWENTY YEARS ago, the number of mathe- 
maticians needed for industry and science 
was extremely small. There was then a 
kind of realism in the view that mathe- 
matics was not of practical importance 
and that it did not matter if it was badly 
taught and few students learned it. 

Quite suddenly, a revolutionary change 
has come. Dean Meder has mentioned the 
demand for 50,000 mathematicians to 
work with electronic computers, and also 
the need for every business executive to 
understand mathematical terminology so 
that he can appreciate the advice of his 
specialist advisers. 

This need for a new approach to mathe- 
matics education has created a situation in 
which we are all acutely aware of our 
shortcomings. A feeling of insecurity and 
even of guilt makes people long for some 
simple answer. If a mathematician men- 
tions (quite correctly) that the word “set” 
is frequently employed in modern mathe- 
matics, this sets off an almost religious 
movement, a belief in salvation by sets; if 
we say “set’’ every time we open our 
mouths, we shall be “‘modern”’ and (some- 
how) all will be well. 

The most valuable thing any mathe- 
matics teacher can do today is to have the 
courage to face the situation as it actually 
is. There is an enormous amount of mathe- 
matics. It takes years to learn even a 
reasonable part of it. The only solution is 
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the general question of how axioms come into algebra. 


to start extremely young. We have very 
few teachers of young students with the 
necessary background. Making the neces- 
sary changes will not be simple, but it 
must be done. 

The following are aspects of our difficult 
situation: 

1. The past failure to provide mathe- 
matical training for teachers on an ade- 
quate scale. 

2. Partly as a result of this failure, the 
prevalence of rote learning, of lack of 
understanding, of meaningless memoriza- 
tion of procedures (e.g., calculus) both in 
schools and in colleges. 

3. The fact that “the high school sylla- 
bus corresponds almost exactly to the 
state of knowledge in the year 1640” (said 
in various ways by many mathemati- 
cians). This means: 

a) High school work has little relation 
to modern research in pure mathematics. 

b) It has little relation to the most re- 
cent demaads of technology. 

American thinking! has mainly been di- 
rected at points 3a) and 3b), i.e., toward 
changing the content of the syllabus. But 
to a visitor the most striking thing is 
point 2, rote learning, and this seems to be 
the key to the problem. 


1 Max Beberman in the Illinois Project has rightly 
stressed the importance of students discovering mathe- 
matics for themselves. but this, the soundest part of 
his views, has received the least publicity. 
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For, after all, progress did not finish in 
the year 1959. If anything, the rate of 
progress is accelerating. That means that 
if we simply introduce new knowledge into 
our syllabus, that too will be out-of-date 
by 1980, i.e., just about as soon as we have 
got it generally accepted. Our basic task is 
to prepare our students for the unknown, to 
impart initiative and self-reliance. 

This seems to me decisive. I welcome 
the use of modern topics if they encourage 
discovery and independent thought. I 
welcome the use of ancient topics if 
they encourage discovery and independent 
thought. This should be the first consid- 
eration. 

A second consideration, admittedly, is 
the nature of the material used. It would 
be unwise, for instance, to develop think- 
ing by intensive and sustained working of 
originals on the nine-point circle. This 
would probably give the student the feel- 
ing that such work is a really important 
part of mathematics, which it is not. 

Nevertheless, the first consideration is 
that the student understand what he is do- 
ing: that he know how to test the truth of 
any statement and form the habit of so 
testing all statements he meets. 

In arithmetic, for instance, no amount 
of verbal teaching, however skilled, will 
give a young child the same grasp of 
2+3=5 as the physical experience of put- 
ting together two objects and three objects 
and seeing, on the evidence of his own 
eyes, that they make five objects.” 

Discovery gives confidence and security 
because it proceeds from the known to the 
unknown. A child knows what objects are, 
and does not regard them as in any way 
mysterious; if 2+3=5 is obtained from 
these familiar things, the child feels that 


2 Catherine Stern, in Children Discover Arithmetic, 
particularly in the first half, has worked out the best 
such approach I have ever seen. Unfortunately, her 
apparatus is patented and sold at a price beyond most 
primary schools. In Russia, I think, she would be given 
the Order of Lenin and a good pension, and the ap- 
paratus would be made available to all schools. I wish 
an American equivalent of this procedure could be 
devised. 


2+3=5 is also a familiar, not a mysteri- 
ous, fact. 

Mystery inhibits thinking. An interest- 
ing experiment was performed with addi- 
tion. Children were asked a number of 
questions such as 3 cents + 4 cents=? 
Another group of children were asked 
questions, involving exactly the same 
numbers, but with foreign currency—for 
example, 3 yen + 4 yen=? The second 
group took noticeably longer. Mathe- 
matically, the tests were identical; but 
the unfamiliar setting caused a partial 
paralysis of the brain. Teachers will recog- 
nize this effect; mathematicians who lack 
a feeling for teaching may overlook it. To 
a mathematician the two tests above are 
identical. 

Arithmetic, 2+3 =5, is abstract as com- 
pared with the objects that suggest it. 
However, a time is reached (with luck) 
when simple arithmetic is so familiar that 
it provides a concrete basis for algebra. 

For instance, if pupils want to write, as 
they seem to do, 


the teacher may deal with the matter 
formally by asking, ‘‘How do you arrive at 
your result by means of the commutative, 
associative, and distributive laws?” Or he 
may deal with it concretely by asking, 
“What are you saying? You claim your 
statement is true for any numbers xz and 
y. I agree with it for z=0 and y=1 but 
what about x=2 and y=3? Do you assert 
that 25 is the same as 4+9?” 

A student thus has two ways of check- 
ing an algebraic calculation, (1) by check- 
ing the logic of each individual step, (2) by 
seeing whether the final result makes sense 
arithmetically. Eventually, of course, a 
student should understand both. The 
arithmetical check is often much quicker 
and easier to perform. I feel fairly sure 
that algebra should begin as generalized 
arithmetic, and only later be considered as 
a system governed by rules or axioms. 

This approach has the advantage that 
it could begin in the primary schools, and 
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even be taught by teachers who did not 
know algebra. For instance, pupils might 
be given a collection of questions such as 
those below and be told they would get a 
surprise if they found the answers correct- 


ly. 


2X3-—-1X4= 
3X4-—2X5= 
4X5-3X6= 


5X6-—4X7= 


The answers, of course, are always 2, 
and the above results suggest (but do not 
of course prove) the algebraic identity, for 
every number z 


(a+2)(x+3) —(2+1)(4+4) =2. 


The primary teacher need not explain 
the algebra. If students ask, ‘‘Why does 
this happen?” the teacher can say, “You 
will get the explanation when you start 
algebra.’”’ Gifted pupils might be encour- 
aged to read some algebra for themselves.* 

This approach requires no more knowl- 
edge than primary school teachers and 
students have at present—the multipli- 
cation table and subtraction. It should be 
easy to introduce such examples into pri- 
mary school texts and thus create a ten- 
sion, an awareness of unexplained coinci- 
dences, leading towards algebra. Primary 
students might begin to experiment for 
themselves, looking for more examples of 


8 A series of articles on this approach has appeared 
in The Mathematics Student Journal. 


this kind. Thus a research element, not- 
ably lacking at present, might enter ele- 
mentary arithmetic. 


FROM OBSERVATION TO AXIOMS 


How, then, shall axioms come into alge- 
bra? Different mathematical systems obey 
different sets of axioms. Axiomatics plays 
much the part in mathematics that com- 
parative anatomy plays in biology. It is 
unlikely that comparative anatomy would 
ever have developed if only one kind of 
animal inhabited the earth. If, in accord- 
ance with our basic principle, we are not to 
tell students about axiomatics, but to lead 
them to develop the idea, it is essential 
that they should have met several mathe- 
matical systems so that they can compare 
them. But usually they have met only one 
system, arithmetic and the algebra grow- 
ing out of it. Even if they know something 
about integers, rational numbers, and real 
numbers, these are still too much alike for 
comparison to be very exciting. 

It is possible to develop some miniature 
mathematical systems very quickly. At 
teachers’ conferences, I have demon- 
strated this system in five to ten minutes 
with the help of a briefcase; any more or 
less rectangular object will do. Symbols 
stand for operations, thus: 


A Turn the briefcase over upon a hori- 
zontal axis. 

B Turn the briefcase over upon a ver- 
tical axis. 

C Rotate the briefcase through 180° in 
its own plane. 

I Leave the briefcase alone. 


Figure 1 
a a 
B Cc 
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The teacher can illustrate the effects of The students can now compare this sys- 
A, B, C by sketches such as these. Ink tem with multiplication in arithmetic. 
spilled on one corner of the briefcase helps They may notice that A-A=B-B=C-C 
to identify the positions. =I-I=I so that in this system the equa- 
tion z?=J has four solutions. This will im- 
press them more strongly if they are suffi- 


ciently familiar with traditional algebra 
- to know that a quadratic equation (other 
than Oz?+0z+0=0) has no more than 


two solutions. 


Is the order of symbols important? Is 
A-B the same as B- A? In this system, the 
order does not matter. A-B and B-A are 
the same. 

Another system, for further comparison, 
is obtained by operations on an equilateral 
triangle, illustrated here. J leaves the 


status quo; w rotates through 120° in the 
sm plane of the triangle, w? through 240°; p 


gives a reflection in the vertical; g and r 
are reflections in the lines shown dotted. 
(These dotted lines are fixed in space. 
They do not go around with the triangle.) 

It is easily verified that w-p and p-w 
have different effects. In fact, w-p=r and 


C 


Figure 2 


The symbol * must also be explained. 
A+B means the effect of B followed by A. w = 
The apparent reversal of order here is seen 
to be natural if we indicate the briefcase: 
A: BO); A acts on the result of B acting on 
the briefcase. 

Now the students themselves can com- 
plete the multiplication table: 


SYMBOL WRITTEN 
SECOND 
A B 


SYMBOL 
WRITTEN 
FIRST 


Thus, for example, C appears in row A 
and column B because A-B has the same 
effect on the briefcase as the single opera- ‘ . 
tion C. Figure 3 
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p w=q. Thus, in this system, the order of 
operations does matter. 

All of this can be done in quite a short 
time; a lesson, or two lessons with some re- 
search by the students between them, 
should be ample to convey the essential 
ideas. The ideas are simple; it is a mistake 
to teach them too solemnly. A course mov- 
ing as rapidly as the understanding of the 
students permits is best. 

It is now quite natural to ask, “How do 
the numbers of arithmetic behave? If z, y 
stand for numbers and - now stands for 
multiplication, do x: yand y-z resemble the 
briefcase operations or the triangle ones?” 

In this way, without long-winded talk, 
we have shown the students that there are 
different mathematical structures, and 
that the relation z-y=y-z holds in some, 
but not in others. It is wise, therefore, at 
the beginning of algebraic work, to provide 
a vocabulary; to indicate whether x and y 
stand for numbers, or operations associ- 
ated with the equilateral triangle, or what- 
ever. 

This can be expressed formally by talk- 
ing about the domain from which the ele- 
ments are drawn, but it seems far better to 
teach the ideas than the words of modern 
mathematics. 

At this stage of things it may interest 
the students to know that the formal oper- 
ations of ordinary algebra (excluding in- 
equalities) can be done by following a cer- 
tain collection of eleven rules, the Field 
Axioms. It will interest them to see one or 
two well-known formulas demonstrated 
from these axioms. However, even to show 
by strict deduction 
from the axioms is a fairly lengthy job. It 
may amuse the class to see how delicate 
this operation is; at least it will amuse 
them if only one or two results are so dem- 
onstrated. However the systematic devel- 
opment of alegbra from the axioms is in- 
credibly tedious. The interest of the axi- 
oms (or one interesting aspect of them) is 
that an axiom system can be built into a 
machine. A human being can say, “I can 
see this result. Why waste time on it?” A 


machine cannot. It can only carry out 
rules. By means of the axioms we could 
build a machine that did algebra or cor- 
rected algebra assignments. 


ABSTRACTNESS 


Axioms have so far come in concretely, 
as observed properties of actual systems. 
The advantage of the axiomatic approach, 
however, is that it allows a mathematician 
complete freedom to investigate any set of 
axioms whatever, whether he knows some 
particular model that obeys them or not. 
This is rightly stressed by mathemati- 
cians. A student who has learned algebra 
intuitively, as the properties of the real 
numbers, may be very worried when he 
meets the symbol ./—1 and may main- 
tain that —1 has no square root. This is 
the sort of objection a research mathema- 
tician might advance to the intuitive ap- 
proach to algebra. However, we can meet 
it. First of all, we have accustomed our 
students very early to the idea that there 
are different systems in mathematics. 
Complex numbers are a different system 
from the real numbers. We may produce a 
model for the complex numbers, in terms 
of stretches and rotations in geometry, and 
show that in this system —1 has a certain 
meaning (‘‘rotate through 180°’) and that 
i (“rotate through 90°’) satisfies 7-i = —1. 
This demonstration helps, but it does not 
completely satisfy the mathematician; we 
are still tied to a model. 

Complete freedom can be achieved in 
the following way. A machine can be made 
with any arrangements we like inside it. 
Suppose then we make a machine as fol- 
lows. It has keys on which are marked 
such things as 1, 2, i, 5—7, 3+} 1, etc. It 
has a lever, which can be set against a 
sign + or against a sign * ; it also has a 
sort of scoreboard on which it prints sym- 
bols. If we set the lever to + , and press 
two keys marked a+b and c+id, the ma- 
chine prints on the scoreboard (a+c) 
+i(b+d). If we set the lever to * and press 
the same keys as before, it prints on the 
scoreboard (ac—bd) +7(ad+bc). Why does 
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it do this? Purely a matter of taste; a 
mathematician designed it, and this 
scheme appealed to him. There the ma- 
chine is; its behavior is determined. We 
can investigate what it will do. If we are 
pure mathematicians, we can admire the 
beauty of the machine. If we are applied 
mathematicians, we can ask whether it is 
useful for solving’ practical problems. In 
fact, it is. The results it gives include, of 


course, 7:i= —1. They also include all the 
results of elementary arithmetic, and no 
results contrary to elementary arithmetic. 

The completely abstract approach (as I 
understand it) asserts the freedom of a 
mathematician to put anything he likes in- 
side a machine, just for the fun of the 
thing. This approach is a long road, but 
we can travel it with our feet on the 
ground all the way. 


Have you read? 


Matcotm, Davip Donaup. “They Got the 
Point,’”” AAUP Bulletin, December, 1958, 
pp. 753-754. 


If you have a class in statistics or teach prob- 
ability in algebra, you will want your students to 
read this short article. It is a story built around 
the return of a set of examination papers on 
which four people have made seven similar 
errors. What is the probability of such an event 
occurring by pure chance? (The place of the stu- 
dents in the classroom and the arrangement of 
chairs are considered as having a bearing on the 
probability.) This is simple arithmetic, but the 
probability is amazing—1 to 400,710. Such an 
event would not be likely to happen in this class 
by pure chance before the year 10,000. I am sure 
your students will get the point.—Paxruip Peak, 
Indiana University, Bloomington, Indiana. 


RuMMELL, Frances. ‘‘She Made Mathematics 
Almost Flunk-Proof,’”’ National Parent- 
Teacher, June 1958, pp. 4-7. 


It has always been known that more high 
school students fail in mathematics than in any 
other subject. But those students of Beulah I. (for 
Isosceles) Shoesmith are the exception. Mathe- 
matics for them is an exhilarating, popu- 
lar, and practical activity. What is her philoso- 
phy? “Independent Creative Thinking.” Her 
students have no fear of reaching out into the 
unknown. They are free from the “rule and 
rote’ method. Some of her techniques are: In- 
troduce ideas with problems, encourage com- 
petition, provide differential assignments, col- 


lect thinking problems from many sources, and 
always introduce the next day’s work before the 
class is dismissed. Miss Shoesmith also detests 
busy work, play in mathematics, and giving 
only what mathematics the student will use. 
She thinks they should go far beyond. There is 
joy in climbing a mountain that it was thought 
could not be climbed. You may want to try 
some of her Peak, Indiana 
University, Bloomington, Indiana. 


Wiis, 8. 8. “Teaching Statistical Inference in 
Elementary Mathematics Courses,” The 
American Mathematical Monthly, March, 
1958, pp. 143-153. 


This is not an article written for the second- 
ary school teacher, but since most of us have 
some interest in introducing statistics in the high 
school, we may find it of value. 

The writer maintains that in the past much 
of the work in statistics has been on an intuitive 
level because many instructors have not been 
concerned with the theory of statistics. He 
points out the interest in probability and the 
many fields where probability may become a 
part of inferential statistics. Also, the ideas of 
randomness are of importance and can be easily 
understood. If more work of this type is given 
either in the high school or in the first years of 
college, we will find other departments able to 
apply it to their special areas. This article will 
help you organize your thinking about statistics. 
Prax, Indiana University, Blooming- 
ton, Indiana. 
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Swords into plowshares 


ETHEL M. TURNER, State Teachers College, Cheyney, Pennsylvania. 
There are innumerable ways for a resourceful teacher 


STRIDING across the campus of a technical 
institution one November day to meet a 
freshman algebra class, I thought happily 
of the coming vacation period. “Tt will be 
good for us all,” I mused inwardly, “but 
especially for this group, so exemplary of 
the fact that learners need time, regardless 
of their backgrounds or abilities, for the 
brain to ‘lie fallow’ between doses of new 
work.” Freshmen there were required to 
take an extensive review of algebra. For 
many of them, limited in high school prepa- 
aration, it was really a “new view.’’ Much 
had to be done in building basic concepts, 
skills, and appreciations, through whatever 
applications they understood. They were 
an average group of learners, with only a 
few showing any real interest in, or apti- 
tude for, mathematics. At our forced quick 
pace there was little time for the slow 
ones to catch up, and even less for the dis- 
interested to get “warmed up”’ to the vari- 
ous units or topics. Few ever did any 
“Extra-Credit” offerings. The rest, to 
whom algebra was plainly “persona non 
grata,”’ preferred to skim along satisfying 
the minimum requirements. 

Approaching the doorway, I wished that 
somehow I could manage some kind of 
intellectual “‘hotfoot” to develop better 
attitudes and more interest in the course, 
but dismissed the idea by reminding my- 
self to expect even less than the usual re- 
sults this last week of school before a vaca- 
tion period. Freshmen often begin their 
vacations ahead of time—in mind, if not in 
body! Entering the room, I had a sudden, 
strangely unaccountable feeling. My ap- 
prehensiveness was accentuated by an un- 
usual quietness within, a rather tense 


to achieve his objectives. 


atmosphere in the room among the pupils. 
While the rest of them eyed me rather care- 
fully, one pupil, who had taken a position 
just inside the door, held a sheet of paper 
toward me. In a tone of voice that 
sounded more like a plea than a request, 
he said, “Read this ‘Penny’ strip, Teacher.” 
It was the brightly-colored comic strip 
reproduced here in black and white. I 
read it quickly several times, then looked 
up and around the room silently, sparring 
for time to think. It seemed evident that 
all present knew of the contents of the 
strip, and were anxiously awaiting my re- 
action to it. Becoming impatient at my 
still-silent appraisal of the situation, the 
student beside me said, “You see it, Miss 
Turner. That’s what we’ve been thinking. 
Why do we have to learn all this stuff any- 
how? Nobody uses it very much, just like 
Penny says.” 

As he spoke, I recalled my thoughts en 
route to this class, the easily recognizable 
signs of the impending vacation in the 
student body, their financial and intellec- 
tual plight, and my wish for a “hotfoot”’ 
for them. The insistent voice of their 
spokesman broke through my thoughts 
with, “Isn’t it like Penny says here, Teach- 
er?” Just then, a sudden flash of idea came 
to me. Barely able to hold a serious counte- 
nance, I said inwardly, “Eureka! Here’s 
my hotfoot! Just beat Penny’s swords in- 
to plowshares.’’ Calmly, I spoke aloud, 
saying, “If you consider these comic-strip 
words so true, what if the whole situation 
were real? I’d give a ‘fin’ (a five-spot) for 
the best letter by someone writing as 
Penny’s boy friend, answering her com- 
plaints.” 
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OROP ME OFE. AT THE HOUSE P 


FATHER, Ll WANT TO WRITE A LETTE 


STILL 


BATTLING ALGE! 
STILL THINK IT’S AS BIG A WASTE OF 
TIME AS WHEN YOU WERE HELPING 
ME WITH IT. 


iF YOU FIND 


FATHER SAYS IT WILL A SOCIAL AID 


TO BORROW THEIR MONEY. WORKED ANY 
LATELY?” 


THE SOCIAL LION AT ANY PARTY NATCH, 
1S THE ONE WHO RUSHES UP TOAN “= 
SQUARE ROOT " EXCITED GROUP TALKING FOO AND 
THE BEST CLUBS ANO BANKS WILL BEG SAYS, * BY THE WAY, HAVE YOU FOLKS 
you GOOD ALGEBRA 


HOMES WITH FRUSTRATED 
ALGEBRA WIDOWS BECAUSE HU! 
WON'T JOIN ALGEBRA ANONYMOUS, 


THE KIDS AROUND HERE ARE CALLING IT 
MALGEBRA, MAL AS IN MAL OE 


EQUALS THREE XYZ OVER TWO? WHA 
I'M INTERESTED IN 1S M-I-N-K OVER ONE, 


WHO CARES IF THE UNKNOWN QUANTITY. ACTUALLY THE ONLY X'S | CARE ABOUT ARE AT 


OF LETTER'S. SO TAKE 
LE, PAL, AND WRITE 


as tver, 


Reprinted with the permission of Harry Haenigsen and the New York Herald Tribune, Inc. 


The pupils looked about askance at my 
challenge. Their mumbled comments be- 
gan to rise audibly, thus, ‘‘Aw, she’s kid- 
din’ us!’’—‘Five dollars for a letter?”’— 
“Only stalling because she knows folks are 
broke.”—“Well, let’s call her bluff.”— 
“Teacher, do you mean you’d really give 
a fin?” My retort, that we would discuss 
the matter after the day’s lesson had been 


learned, started things humming. Ac- 
complishments came nearer to the per- 
formance capabilities of the group that 
day! Afterward, we planned a bona fide 
contest, with governing rules, and agreed 
to have several prizes to spur greater ef- 
fort. All students were eligible. 

In the ensuing weeks, competition be- 
came keen. There were many “off the 
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record” discussions, conversations, and 
even some arguments on the relative worth 
and values of algebra. Absences and ill- 
nesses declined sharply. Class demonstra- 
tions and explanations were no longer con- 
sidered necessary torture or mere enter- 
tainment. Lessons brought questions and 
comments from many previously silent 
pupils. Research techniques were stressed 
and utilized as conducive to valid results. 
All the mathematics teachers were be- 
sieged with frequent requests for inter- 
views. Even the mechanics of letter writ- 
ing were reviewed assiduously. It was 
interesting to find some students, who 
argued openly against algebra, going sur- 
reptitiously to the contest letterbox, to 
drop in entries. My freshman algebra sec- 
tion became especially enthusiastic, hop- 
ing one of its own members would win a 
prize. Every one of them turned in a let- 
ter, and waited hopefully. 

The contest ended in a campus-wide 
flurry of excitement after the Christmas 
holidays. More than a hundred letters had 
been given to the three faculty judges— 
one English and two mathematics teach- 
ers. The participants had found many 
values for algebra, also for other branches 
in the field of mathematics. To the surprise 
of the upperclassmen, the first prize was 
won by an advanced freshman. In good, 
clear English and correct form, inter- 
spersing his remarks with an occasional 
“T love you,” “XXX XXX X—one a day,” 
and “Love me?” he told Penny much 
about River Mathematics,* whose frontis- 
piece he had sketched at the top of the 
letter. Beginning with Ahmes of Egypt, 
and on through ancient times, he dealt 
with man’s inability to make great scien- 
tific progress without the aid of the higher 
branches of mathematics, not yet de- 
veloped. The extent of his research, under- 
standing, and insight was indicated by his 
tracing the story of mathematics through 
medieval times to the Renaissance and the 
work of Descartes and others. He told of 


* Alfred Hooper, River Mathematics (New York: 
Henry Holt and Company, Inc., 1945). 


their contributions, making possible the 
higher branches of mathematics. His treat- 
ment took on a contemporary tone as he 
mentioned applications in science and 
technology and visualized possibilities of 
the need for and use of mathematics in 
the much discussed and publicized atomic 
energy efforts, with utilization for war- 
time and peaceful purposes. The prize- 
capturing letter closed on a hopeful note 
and an ambitious tone, stating that per- 
haps Penny had been kidding him in her 
last letter, for surely she had not forgotten 
that, as her future husband, he hoped to be 
a mathematics teacher, and would want 
her encouragement to become a good one! 

There were other good letters attesting 
to the values of mathematics, particularly 
algebra. Besides and beyond the generally 
recognized applications of mathematics in 
the classroom situations, they contained 
interesting facts, recreational games and 
puzzles, and even magic tricks! Included, 
too, were lists of formulas for citizens to 
use in daily living, such as helps for 
housewives, handymen, and _ politicians, 
climaxed with one to figure out a girl’s 
chances of getting a husband. The student 
body enjoyed hearing excerpts from the 
letters at an assembly period. The fresh- 
man class that had originally incited the 
affair made a scrapbook of the contest en- 
tries. Their control of this booklet, in its 
passage from one student to another on 
a loan basis, became a matter of consider- 
able pride and importance. The book was 
soon worn out with use! 

Over a long period of time, many con- 
tinuing good effects of this contest were 
noted in interest and learning among the 
students. Time has passed, but in these 
days of great need for more effort in mathe- 
matics and science, such a contest is still 
applicable. This article and cartoon, the 
latter sent to Tae MATHEMATICS TEACHER 
by the New York Herald Tribune, can 
help other teachers to turn their pupils’ 
“swords” into “plowshares” for the cause 
of algebra, an important branch of the 
field of mathematics. 
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The U niversity of Maryland 
Mathematics Project 


M. L. KEEDY, Associate Director, 


University of Maryland, College Park, Maryland. 
A brief summary of the “Maryland Project’’ activities and 
objectives. This is one of the significant groups working 


Tue Untversity of Maryland Mathe- 
matics Project (Junior High School), made 
possible by a grant from the Carnegie 
Corporation of New York, has begun the 
second of its three scheduled years. The 
study is guided by an advisory committee, 
representing the areas of mathematics, 
science, engineering, psychology, and edu- 
cation within the University, the U.S. 
Office of Education, the Maryland State 
Department of Education, and the public 
school systems near the University. The 
four major school systems in the area of 
Washington, D.C.—Prince Georges and 
Montgomery Counties, Maryland; Arling- 
ton County, Virginia; and the District of 
Columbia—are co-operating in the study, 
with some thirty-five junior high school 
mathematics teachers participating. These 
teachers meet weekly at the University 
of Maryland, to increase their knowledge 
of modern mathematical concepts and of 
recent advances in the theories of learn- 
ing. They also assist with preparation and 
revision of teaching materials, conduct 
interviews of children, and teach newly- 
prepared materials in their own classes. 
The primary goal of the Project is to 
determine maturity levels at which cer- 
tain mathematical concepts can be ap- 
propriately taught, and to prepare ma- 
terials for a teaching sequence in grades 
seven and eight which is mathematically 
and psychologically sound, and appro- 
priate to modern-day needs. Results of 


in the field of the mathematics curriculum. 
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the study are to be made available to cur- 
riculum-planning groups across the coun- 
try, and increasing co-operation with such 
groups and with other persons engaged in 
experimental work in the area of mathe- 
matics curriculum is contemplated. 


During the summer of 1958 the staff 


prepared the first portion of an experi- 
mental seventh grade course, on the basis 
of experience gained in the first year of 
the study, in addition to conducting a 
four-week National Science Foundation 
Institute in conjunction with the Project. 
The 44 Institute participants, representing 
a wide geographic area, studied mathe- 
matics and studied and assisted with prep- 
aration of the experimental course ma- 
térials, in addition to observing an experi- 
mental class of seventh grade children. 

During the academic year 1958-59 the 
experimental seventh grade course is be- 
ing taught by 43 teachers in 35 schools, 
most of which are in the greater-Washing- 
ton area. Those away from the campus are 
to return for conferences and will be 
visited by the UMMaP staff from time 
to time. A psychologist has joined the staff 
for the purpose of directing an evaluation 
of the experimental course. The teachers 
located near the University are continuing 
in the weekly seminar, assisting with re- 
vision of the experimental course, and be- 
ginning to develop materials for an eighth 
grade course, to be taught experimentally 
in 1959-60. 
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An important feature of the experimen- 
tal seventh grade course is the merging 
of algebra and arithmetic, by considera- 
tion of properties of numbers. Another im- 
portant concept in the course is that of 
a mathematical system. It is introduced 
early in the course and developed further 
throughout, as properties of various num- 
ber systems are studied. Unifying con- 
cepts are given stress, vocabulary is simpli- 
fied where possible, and linguistic pre- 
cision is emphasized where mathematical 
content is involved. Applied problems of 
many types ordinarily taught in grade 
seven are included, but primary emphasis 


What's new? 


is placed on mathematical understanding. 
The course is designed to make clear a 
relation between mathematical systems 
and the physical world, and to include 
procedures in which students reason both 
inductively and deductively, although the 
deduction is largely of an informal nature. 

The Project staff includes Helen L. 
Garstens, John W. Gustad, John R. 
Mayor, the author of this article, and 
three graduate assistants. E. Glenadine 
Gibb of Iowa State Teachers College and 
Richard A. Good of the University of 
Maryland assisted with the writing during 
the summer of 1958. 
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@ HISTORICALLY SPEAKING,— 


Edited by Howard Eves, University of Maine, Orono, Maine 


The four-color map problem, 1840-1890 


by H. S. M. Coxeter, University of Toronto, Toronto, Canada 


Mé6srvus 


August Ferdinand Mébius (1790-1868), 
a pupil of Gauss, made important contri- 
butions to many branches of mathematics. 
In particular, he was one of the first people 
to conceive the idea of four-dimensional 
space. His student, R. Baltzer [2, p. 1],* 
remembered, after forty-five years, a lec- 
ture during which Mébius had told the fol- 
lowing story: “There was once a king in 
India who had a large kingdom and five 
sons. In his will he decreed that, after his 
death, the kingdom should be divided 
among his sons in such a way that the ter- 
ritory of each should have a common boun- 
dary line (not merely a point) with the ter- 
ritories of the remaining four. How was the 
kingdom divided?” In the next lecture, 
the students confessed that they had tried 
in vain to solve the problem. Médbius 
laughed and remarked that he was sorry 
they had wearied themselves, because the 
proposed partition is impossible. Baltzer 
quotes a proof of the impossibility, given 
by Mdbius’ friend Weiske. 


DeMoraan, CayYLey, AND TAIT 


Ten years after the death of Mébius, at 
a meeting of the London Mathematical 
Society (June, 1878), the eminent English 
mathematician Arthur Cayley raised the 
following question: ‘‘Has a solution been 
given of the statement that in colouring a 
map of a country, divided into counties, 


* Numbers within brackets refer to the References 
at the end of the article. 


only four distinct colours are required, so 
that no two adjacent counties should be 
painted in the same colour?” Cayley, 
whose collected papers now fill thirteen 
large volumes, had to confess that he knew 
no proof himself. 

At a meeting of the Royal Society of 
Edinburgh (March, 1880) P. G. Tait re- 
marked, “Some years ago, while I was 
still working at knots, Professor Cayley 
told me of DeMorgan’s statement that 
four colours had been found by experience 
to be sufficient for the purpose of com- 
pletely distinguishing from one another 
the various districts on a map. I had previ- 
ously shown that if an even number of 
boundaries meet at each point on the dia- 
gram, two colours (as on a chessboard) 
will suffice for the purpose. But in a map, 
boundaries usually. meet in threes. I re- 
plied to Professor Cayley that I thought 
the proof might be made to depend upon 
the obvious proposition that not more 
than four points in a plane can be joined 
two and two by nonintersecting lines. 
(Here points are made to stand for dis- 
tricts. When two such points are joined by 
a line they must have different colour- 
titles.) I did not at the time pursue the 
subject, as I found that it was more com- 
plex than it appeared at first. Mr. Kempe’s 
paper in Nature (Feb. 26, 1880) has re- 
called my attention to the subject.” Tait 
then gave a sketch of his own treatment, 
which is described in a well-known book, 
Rouse Ball’s Mathematical Recreations and 
Essays (1, pp. 224-228}. 
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THE SIX-COLOR THEOREM 


In the papers by A. B. Kempe [6; 7], one 
of which Tait mentioned, a map is re- 
garded as a generalized polyhedron hav- 
ing, say, F faces (the territories or coun- 
ties or districts), Z edges (the boundary 
lines between pairs of faces), and V ver- 
tices (points where three or more edges 
come together, separating the same num- 
ber of faces). It is understood that the 
faces include lakes and seas as well as re- 
gions of land. Moreover, there is no loss of 
generality in assuming that the map cov- 
ers the whole globe, for otherwise the rest 
of the world may be regarded as one more 
face. 

Making use of these conventions, Kempe 
proves (by a rather long-winded but valid 
argument) that the average number of 
edges belonging to a face is less than six, 
from which it follows that there is at least 
one face having five or fewer edges. The 
next step is a fine illustration of the so- 
called Principle of Mathematical Induc- 
tion. We wish to prove: 

THE SIX-COLOR THEOREM: T'o color any 
map on a sphere (or on a plane) requires at 
most six colors. 

We take “any map” to mean “any map 
having F faces,” for each particular value 
of F. When F S6 there is no problem: we 
can assign distinct colors to all the faces. 
The theorem will be proved if we can de- 
duce the case of seven faces from the 


Figure 1 


case of six, and then eight from seven, and 
so on. Accordingly, we make the ‘‘induc- 
tive assumption” that the theorem holds 
for every map of F—1 faces, and then 
proceed to investigate a given map of F 
faces, paying particular attention to the 
face (or one of the faces) having five or 
fewer edges. For definiteness, we assume 
that this face is surrounded by exactly five 
other faces, such as those numbered in 
Figure 1. (The same arguments can be 
carried through with trivial changes un- 
der any other circumstances.) Figure 2 
shows a modified map in which this pen- 
tagonal face has shrunk to a point, i.e., in 
which its territory has been ceded to its 
five neighbors. The modified map, having 
only F—1 faces, can be colored with six 
colors, by the induction assumption. Let 
this be done, and let the same coloring be 
applied to the original map. Even if the 
five neighbors need five distinct colors, 
there is still a sixth color left for the pen- 
tagonal face itself. 

Since this argument can be applied with 
F=7, then with F =8, and so on, the six- 
color theorem holds for all values of F. 


THE FIVE-COLOR THEOREM 


The following subtler argument may be 
used to prove: 

THE FIVE-COLOR THEOREM: 1'o color any 
map on a sphere (or on a plane) requires at 
most five colors. 


Figure 2 
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Since this is obvious when F<5, we 
make the inductive assumption that it 
holds for every map having fewer than F 
faces. 

As before, we consider a face having five 
neighbors (Fig. 1). (If there were fewer 
than five, we could immediately adapt the 
method of the preceding proof to five 
colors instead of six.) The further subtlety 
required for this stronger theorem is the 
remark that, of these five neighbors, some 
two, such as those marked 1 and 3, are 
certainly nonadjacent, i.e., they have no 
common boundary at all. This is merely a 
version of Mébius’ remark about the In- 
dian king. Figure 3 shows a modified map 
in which the two nonadjacent neighbors 
are fused with the original pentagonal 
face. This is essentially the same as Figure 


Figure 3 


2 except that the two red faces (marked r) 
are now joined by a corridor. The modi- 
fied map, having only F —2 faces, can be 
colored with five colors, by the inductive 
assumption. Let this be done, and let the 
same coloring be applied to the original 
map (Figure 4). No objection can be 
raised to the use of the same (red) color for 
faces 1 and 3, since they are nonadjacent. 
The five neighbors now use up at most four 
colors, and there is still a fifth color left for 
the pentagonal face itself. 


Figure 4 


THE FOUR-COLOR THEOREM 


Kempe’s so-called proof of the analo- 
gous “four-color theorem” was neatly 
summarized, ten years later, by P. J. Hea- 
wood [4, p. 337]; I have taken the liberty 
of replacing his word “division”’ by “face,” 
and simplifying the figures. 


A similar method applied to a face touched 
by four others would reduce the map on the sup- 
position of but four colours. However, the re- 
quired problem is to show that four colours are 
sufficient for the map’s colouring to follow from 
a reduced map even where a five-contact [penta- 
gonal] face is the lowest. Mr. Kempe’s device 
aims at meeting this case by showing that, if a 
map can be done in four colours apart from such 
a face, and should all four occur around it, as in 
Figure 4, we can then so transpose the colours 
as to remove from those in contact with it one 
colour, with which it can therefore be coloured. 


Throughout a red-blue region, for instance, that 
is, throughout the whole of a continuous aggre- 
gate of red and blue faces, the red and the blue 
may be obviously transposed without any alter- 
ation in the rest of the map. Now suppose that 
2 and 5 (Figure 1) belong to different blue-yellow 
regions (as in Figure 4). The transposition of 
blue and yellow throughout one of the two re- 
gions will remove one of these colours from oc- 
curring round the face for which a colour is re- 
quired. Similarly, a colour may be removed if 2 
and 4 belong to different blue-green regions. 


However, 2 and 5 may belong to the same blue- 
yellow, and 2 and 4 to the same blue-green 
region {as in Figure 5, which differs from Figure 
4 in having the “outside” face blue instead of 
red]. In this case, however, 1 and 4 are neces- 
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Figure 5 


sarily cut off from belonging to the same red- 
green, and 3 and 5 from belonging to the same 
red-yellow region. Therefore—Mr. Kempe says 
—the transposition of colours throughout 1’s 
red-green and 3's red-yellow regions will each re- 
move a red, and what is required is done. If this 
were so, it would at once lead to a proof of the 
proposition in question: by showing that the 
colouring of a map in four colours could always 
be made to depend on the colouring of a reduced 
map in four colours, it would prove that four 
colours were sufficient for any map. But, un- 
fortunately, it is conceivable that though either 
transposition would remove a red, both may not 
remove both reds. Figure 5 is an actual exempli- 
fication of this possibility, where either trans- 
position prevents the other from being of any 
avail by bringing the red and the other face 
into the same region. 


Figure 6 shows how one of the reds is re- 
moved by transposing colors throughout 
l’s red-green region. But now 3 and 5 be- 
long to the same red-yellow region, so that 
the transposition of red and yellow merely 
shifts the red color from 3 to 5. (This 
proves that Kempe’s method is not valid. 
But such a simple map can easily be col- 
ored by another method, e.g., by chang- 
ing 5’s color in Figure 4 from yellow to 
blue.) 


THE PRESENT STATUS OF THE PROBLEM 


The flaw which Heawood discovered in 
Kempe’s reasoning has never been reme- 
died. Nobody has succeeded in bridging 
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Figure 6 


the gap between the five colors that are al- 
ways sufficient and the four that are 
usually necessary. Since 1890, many writ- 
ers have gradually increased the lower 
bound of the number of faces for a miap 
that might possibly require five colors. 
Heawood himself wrote further papers on 
the subject, reducing the problem to pure 
algebra. He died a few years ago, and the 
mystery remains. 

If I may be so bold as to make a con- 
jecture, I would guess that a map requir- 
ing five colors may be possible, but that the 
simplest such map has so many faces 
(maybe hundreds or thousands) that no- 
body, confronted with it, would have the 
patience to make all the necessary tests 
that would be required to exclude the pos- 
sibility of coloring it with four colors. 
Many people believe, on the other hand, 
that the four-color theorem may be true; 
in fact, editors of journals often have the 
unhappy experience of receiving manu- 
scripts in which it is “proved.” Such man- 
uscripts are either obviously incompetent 
or else so lengthy that the referee has a 
tedious job finding the flaw. The problem 
has been considered by so many able 
mathematicians that anyone who can 
prove that four colors always suffice, or 
who can prove that a particular map 
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really needs five, will become world-fa- 
mous overnight. 

It is amusing to recall that, during the 
ten years between Kempe’s “proof” and 
Heawood’s refutation, Baltzer [2, p. 5] 
wrote in his Postscript, “My colleague, 
Klein, has kindly drawn my attention to 
the relevant work of Mr. Kempe in Lon- 
don, ‘On the geographical problem of the 
four colors.’... Mr. Kempe’s deduction 
uses properties of the vertices, edges, and 
faces of a simply-connected polyhedral 
surface. The above little theorem [about 
the king in India] provides a far simpler 
method. . . . How delighted Mébius would 
have been to see such a far-reaching appli- 
cation of his friend Weiske’s economical 
proof.” 

This remark is doubly unfortunate. 
Weiske’s proof covers the case when F=5 
but does not suffice for more complicated 
cases; and Kempe’s proof was deprecated, 
not because it was fallacious, but because 
it was long-winded! 


HEAWOOD’S USE OF EULER’S FORMULA 


Heawood’s modest but important paper 
[4] is by no means wholly destructive. It 
includes a simplification of Kempe’s proof 
that the average number of edges of a 
face is less than six, and an extension of 
the problem to multiply-connected sur- 
faces. The former contribution may be 
paraphrased as follows: 

An ordinary cube can be regarded as a 
map of six quadrangles covering a sphere. 
Since each face has four edges and each 
vertex belongs to three edges, the cube is 
denoted by {4, 3}. More generally, {p, q} 
is the Platonic solid whose faces are p- 
gons, q at each vertex. If there are alto- 
gether V vertices, F edges, and F faces, we 
easily find that 


pF =2E= 


These relations remain valid for a general 
map having various kinds of face and vari- 
ous numbers of faces at a vertex, provided 
we interpret p as the average number of 
edges of a face and q as the average num- 


ber of edges (or faces) at a vertex. Since 
q23, we have 


2E=qV23V, 
whence 
Es3(E-V) 
and 
p=2E/F <6(E-V)/F. 
Thu 


p<6[1—(V—£+F)/F]. 


By Euler’s formula (which Kempe mis- 
takenly attributed to Cauchy), 
V—E+F=2. 
Hence 
p<6. 


THE TORUS 

Turning now to Heawood’s other posi- 
tive contribution, we recall that the sphere 
is said to be simply-connected because any 
simple closed curve drawn on it decom- 
poses the surface into two separate pieces. 
Heawood [4, pp. 333-336] made the re- 
markable discovery that the proper num- 
ber of colors is more easily determined 
when the map is drawn on a surface that 
is not simply-connected. In particular, if 
the earth were a torus (or “anchor-ring”’ 
the shape of a doughnut or an inner tube) 
and if the king ruled over the whole of it, 
his will could have been carried out even 
if he had made the further stipulation that 
the territories allotted to his five sons 
should be all of the same size and shape. 
In fact, the torus admits a map having 
five quadrangular faces (F=V=5, E 
=10), which was discovered by L. Heffter 
[5, p. 491]. A simple way to draw this map 
is shown in Figure 7, where the torus has 
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been cut and unrolled into a rectangle, and 
again in Figure 8, where the “front” and 
“back” of the torus appear side by side. 
The will could still have been carried out 
if the king had had seven sons instead of 
five (see Figures 9 and 10). Since each of 
the seven territories is surrounded by the 


other six, this map needs seven colors. For 
maps on the torus (for which V—-ZH+F=0 
instead of 2, and consequently pX6 in- 
stead of p<6), this number seven is not 
merely necessary but sufficient. In fact, 
Heawood proved (in a manner resembling 
the above proof of the Six- Color Theorem) : 


Figure 8 
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Figure 10 


THE SEVEN-COLOR THEOREM: color 2. 
any map on a torus requires at most seven 
colors. 

It was John Leech, in 1953, who first 
thought of exhibiting Heawood’s map 
(V =14, E=21, F=7) in the simple form 
of Figure 9. He did this by distorting a 
tessellation of regular hexagons [8; cf. 9, 
p. 342; 3, p. 20]. The analogous distortion 
of a tessellation of squares yields Figure 7. 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


Developing ability to solve problems 


There is an apparent paradox in the 
very existence of a systematic process for 
attacking and solving a problem. Each 
problem is unique, or it would not be a 
problem. By definition it must contain 
some obstacle that cannot be overcome by 
any automatic or previously-learned re- 
sponse. If it yields to a stereotyped and 
routine attack, it is not a problem. 

On the other hand, we know that re- 
search workers in the physical and social 
sciences need training for problem-solving. 
Standard and tested procedures have been 
designed to provide a systematic and or- 
ganized attack on new and unfamiliar 
problems. The systematic procedure can- 
not replace the functioning of intelligence, 
insight, and originality in problem-solv- 
ing, but it can provide efficiency by focus- 
ing the effort and doing away with fum- 
bling and indirection. 

The problem-solving program in grades 
seven and eight must also be organized 
systematically to focus efforts in solving 
arithmetic problems. It will be designed to 
promote: (a) insight into the process of 
problem-solving; (b) mastery of abilities 
required for analyzing the problem situa- 
tion, identifying the key elements, and 
utilizing the relationships among them to 
arrive at a solution; and (c) positive atti- 
tudes toward problem-solving that lead 
the pupil to accept a problem as a chal- 
lenge rather than a threat. 

Both continuity and variety in class ac- 
tivities are desirable if the program is to 


by Lucien B. Kinney 


be effective. A variety of activities should 

be systematically directed to such pur- 

poses as these: 

1. Developing a systematic approach for 
analyzing and solving a problem; 

2. Directing primary attention to the 
process of solving the problem rather 
than to the answer; 

3. Drawing attention to the significance 
of problem-solving in life situations. 

It is worthwhile to examine some of the 

classroom activities that have demon- 

strated their usefulness for each purpose. 


LEARNING A SYSTEMATIC APPROACH 


Most textbooks provide a series of steps 
in problem-solving which the pupil may 
be taught to follow and on which he can 
be tested from time to time. Research find- 
ings provide some support for this prac- 
tice, indicating that while any systematic 
procedure is better than none at all, no 
one series of steps is better than any other 
series. The following is a typical series: 
Be careful to understand the 
problem. 

Think what you need to know to 
solve the problem. 

Look for a hidden question. 
Decide what computations to use. 
Make an estimate to decide on a 
reasonable answer. 

Perform the necessary computa- 
tions, checking each whenever 
you can. 


STEP l. 
STEP 2. 
STEP 3. 
STEP 4. 


STEP 5. 


STEP 6. 
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step 7. Check your final answer by com- 
paring it to your estimate of Step 
5. 

If the steps provided in the textbook are 
at all adequate, the teacher usually finds 
it most convenient to follow them, albeit 
with minor adjustments. Some idea of how 
the class activities may provide practice 
on a systematic approach may be gained 
from examining the functions the steps 
should serve: 

a) Giving the pupil insight into a general- 
ized procedure by carefully guiding him 
through it. The pupil needs to know where 
to start his work on the problem (Steps 
1-4); he needs to realize that independent 
and original thinking is not only permis- 
sible but necessary (Steps 2 and 5); and he 
needs to learn that his solution is not com- 
plete until it is verified (Step 7). 

The pupil will use and appreciate the 
steps only if he has ample opportunity to 
practice them in class exercises, with 
plenty of discussion. The value of such 
oral exercises will be discussed below, but 
it may be noted here that work in a group 
stimulates originality in analyzing and ex- 
ploring a problem. Furthermore, in a class 
activity the teacher may be sure that each 
pupil is learning to use the steps correctly. 
Without such experience, the pupil may 
not realize that a trial-and-error explora- 
tion is typical of all problem-solving when 
the problem is real, and that there is no di- 
rect path to the solution. 

b) Serving as a basis for diagnoses of dif- 
ficulties and planning of remedial exercises. 
After the class has worked on an informal 
problem scale, the papers may be ex- 
changed, scored, discussed, and returned. 
Each pupil may then be asked to examine 
his work and answer these questions, in 
writing: 

(1) On the problems you missed, which 
steps did you fail to perform satisfac- 
torily? 

(2) Identify the steps on which you need 
most practice. 

Exercises for developing the ability to 
use each step are readily developed to pro- 


vide remedial practice. If pupils are en- 
countering difficulty on Step 1, for exam- 
ple, classroom activities may be selected 
from the following categories: 

a) Real and vicarious experiences to pro- 
vide familiarity with the problem setting. 

b) Reading and discussing the problem 
situations before the problems are worked. 

c) Working orally on assigned problems 
after they have been restated with simpler 
numbers. Frequently a simple problem is 
obscured by large numbers or mixed num- 
bers and fractions. Once these are re- 
moved the situation becomes clear, even 
though the substituted numbers are un- 
realistic. For example: 

A cubic foot of water weighs 62.5 lb. How 
many tons of water would be retained in a reser- 
voir 4 mile wide, 2 miles long, and 80 feet deep? 
This situation can be clarified by saying: 
“Suppose a cubic foot of water weighed 10 
pounds, and that the reservoir was 1 foot 
wide, 1 foot deep, and 10 feet long. How 
would you work the problem?” 

This illustrates a general method of sim- 
plification frequently used in more ad- 
vanced mathematics: If you do not under- 
stand the problem clearly, try substitut- 
ing simpler numbers. 

d) Taking reading tests and discussing 
the answers in class. Several kinds of read- 
ing tests are especially suitable for im- 
provement in understanding problems: 

Vocabulary 

Comprehension of paragraphs 
Graphs 

Tables 

Formulas 

An example of a test item for under- 
standing formulas is the following: 

The formula for the volume of a cylinder is 

V 
Use this formula to test the accuracy of each of 
the following statements. If the statement is true 
circle T; if false circle F. 


T F 1. If you double the radius of a cylinder 
its volume becomes four times as 
great. 

T F 2. If two cylinders have the same diam- 
eter, and one is twice as long asthe 
other, the longer has four times the 
volume. 
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T F 38. Twocans of vegetables have the same 
height, but one has twice the diam- 
eter of the other. The larger holds 
twice as much as the smaller, 

Ete. 

Step 1 requires the pupil not only to un- 
derstand what the problem is about, but 
what it asks him to find. Practice on Step 
1, accordingly, goes beyond reading com- 
prehension to practice on questions like: 

What are you asked to find? 

What information do you need in order 
to find it? 

A review of the other steps and their 
component abilities will suggest suitable 
remedial activities for each. 


DIRECTING ATTENTION TO THE PROCESS 


Primary emphasis in the lower grades is 
commonly focused on the answer, since 
problem-solving is part of the program for 
learning the operations. As a result, the 
pupil may not even be aware, on entering 
the seventh grade, that there is a general 
process for problem-solving. Special activi- 
ties need to be planned to highlight the 
process as well as (or instead of) the an- 
swer. 

The problem-solving steps, as outlined 
above, provide one effective means suit- 
able for this purpose. Another useful prac- 
tice is to ask a number of questions about 
each problem, taking the pupil through an 
analysis, and giving separate credit for 
each answer. In general the questions 
should be designed to elicit such informa- 
tion about the problem as this: 

What are you asked to find? 

What facts are given? 

What new facts can you discover from 
what is given? 

What computations, in what order, are 
called for? 

What is a reasonable answer? How do 
you know? Following is an example of 
how such an exercise can be set up. 

Henry Adams sells newspapers for 5¢ each, 
and receives 15% of his sales as commission. 
He is saving his earnings to purchase a new 
bicycle that will cost $42. Last week he sold 800 


newspapers. At that rate, how many weeks will 
it take him to pay for the bicycle? 


1. What are you asked to find? 
2. List the facts you are given. 


3. State all hidden questions, and the answer to 
each. 


4. What facts will you use to get the answer you 
are asked to find? 


5. List, in order, the computations you need to 
make to get the answer. 
1 2 3 4 

6. Estimate what a reasonable answer would be. 


7. Explain how you got it 


Another type of exercise that shifts the 
emphasis from the answer to the process is 
the “How would you?” question: 


How would you find the distance between 

two trains traveling in opposite directions, if 
you knew how fast each train was going and how 
long they had been traveling? 
This type of exercise is interesting and use- 
ful for class discussion. It readily lends it- 
self to practice in using letters to repre- 
sent general numbers: 


If you know that Mr. Jones earned d dollars 
in n hours, how would you find his earnings per 
hour? 

This will be recognized as a type of ex- 
ercise recommended to provide practice in 
selecting the appropriate computation. 
Many types of exercise lend themselves to 
a variety of purposes, depending on the 
direction given to the class discussion. 


GROUP STUDY OF PROBLEMS 


Directing attention to the process rather 
than the answer is most easily done in gen- 
eral class discussion. The arithmetic text- 
books published in the early part of the 
century had many “oral exercises” con- 
sisting of problems presenting little com- 
putational difficulty. These were usef! for 
exploring problem situations and provided 
opportunity for practicing a systematic at- 
tack on a problem. Such group activity 
can stimulate interest in problem-solving, 
and can be designed so that the pupil ac- 
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quires the habit of automatically asking 
the key question for a given type of prob- 
lem. For example: 


The margin on a suit of clothes is $24. This is 
40% of the selling price. How much was the 
selling price? 


After working a number of such problems 

orally with the class, the pupil may learn 

to ask the key question, common to this 
type of situation, ““‘What is 1 per cent of the 
selling price?” 

Modern textbooks appear to be return- 
ing to the practice of providing plenty of 
oral exercises. This is a very desirable 
trend. In group activities, the pupil has 
opportunity for practice, under adequate 
guidance, in exploring the problem situa- 
tion, trying various leads, and improvising 
solutions. The pupil learns also that, in at- 
tacking a problem, any lead is useful since 
it will lead to insight into relationships 
and will reveal new data. This is why any 
systematic attack is better than none at 
all. 

A great variety of problems can be used 
for oral exercises. For example: 

1. Problems with little computation dif- 
ficulty. 

2. “How would you?” problems (i.e., find 
the cost of N cans of milk if you know 
the cost of one). 

. Problem situations without a question— 
see how many problems you can make 
out of each. 

. Problems with extraneous data—which 
facts do you not need? 

. Problems with missing data—identify 
what is missing, and supply it, to make 
a problem. 

. Estimating answers (with or without 
multiple-choice selections). 

7. Deciding what computations to use. 

8. Making up problems to fit specified 
data: 

a) State a problem calling for division. 

b) State a problem calling for multipli- 

cation of mixed numbers. 

. The postsolution analysis, generaliz- 
ing from a particular problem to the 
general problem type. 


This last exercise, the postsolution 
analysis, is a valuable experience that is 
widely neglected. Looking back on the so- 
lution, the pupil may be led to see, for ex- 
ample, that while there are innumerable 
problems, many of the problems have the 
same relationships among the variables. 
Once he has learned to ignore the details 
irrelevant to the solution, he sees that 
whether the traveling is done by plane, 
railroad, car, boat, or on foot, the relation- 
ship d=rt holds for any constant speed. 

Suppose he has solved the problem: 

A jet transport can travel 600 mph. How long 


will it take to fly from Los Angeles to New 
York, if the distance is 2700 miles? 


In the postsolution analysis, discussion 
of the problem with different numbers and 
by various modes of travel can focus at- 
tention on procedure rather than on the 
final answer. Eventually this can lead to 
consideration of the general problem: 

If one is traveling r miles per hour, how 
many hours (¢) does it take to travel d miles? 

The teacher need not stop here. The 
postsolution analysis may lead the pupil 
to recognize the family of problems having 
the same relationship: 

Area and volume. 

Cost (C=number of items times cost of 
each). 

Consumption of fuel. 

These, in turn, can be differentiated from 
the family typified by the formulas: 


and so on. 


EXAMINING THE SIGNIFICANCE 
OF THE MATHEMATICAL SOLUTION 


Although mathematics does not have a 
monopoly on problem-solving, it is still 
true that most problems in everyday life 
have a mathematical element. It is impor- 
tant to recognize that the answer to the 
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mathematical problem may not constitute 
the solution to the general problem. Find- 
ing the cost of purchasing on the install- 
ment plan does not tell us whether or not 
we should buy on the installment plan. 
Finding the relative cost of renting or buy- 
ing a house does not tell us whether it is 
best to rent or buy. Usually it is more ex- 
pensive to own a house than to rent one, 
but the question still needs to be an- 
swered: Does the satisfaction of owning 
the house compensate for the extra cost? 
This is not a mathematical question. 

At this point in the solution it is useful 
to refer back to the original problem: 

What was the question we undertook to 
answer? 

What data do we now have to help an- 
swer the question? 

If we are comparing costs of owning or 
renting a house, for example, we now know 
how much the family would be paying for 
the satisfaction of owning the house. This 
is relatively meaningless until the further 
questions are considered: 


What other things must the family do 
without in order to pay for the satisfaction 
of owning the house? 

Which way of expending the money 
would provide the greatest satisfaction? 

Mathematics has served its purpose in 
providing data needed to think intelli- 
gently about the problem and to point up 
the crucial question. It is necessary now 
to use the data in solving the problem 
which originally confronted the family. 

Unless attention is called to this broader 
social aspect of the problem, we may fall 
into the fallacy of supposing that we have 
the answer when we have found a certain 
number. This fallacy is readily avoided if 
we restate the problem that we initially set 
out to solve: 

Do we want to make a given purchase 
on the installment plan? 

Do we want to rent a house or to buy 
one? 

The mathematical solution gives impor- 
tant data which we need to consider, but 
it does not provide the answer. 


Have you read? 


Brown, Josuua R. C. “Teacher Education 
Today for the Science Teacher of Tomor- 
row,” School Science and Mathematics, Octo- 
ber, 1958, pp. 509-528. 


This is a report of a regional conference on 
science and mathematics. Though its primary 
emphasis is on science, it contains some very 
good material for mathematics teachers. It 
points out some of the problems encountered by 
students entering technical work which seem to 
indicate a need for more mathematics on the 
part of these students. The report considers the 
changes needed in teacher education, textbook 
preparation, and the time allotted to mathe- 
matics. You will be especially interested in the 
portion of the report about Soviet education. 
You will find some interesting data about our 
potential in terms of scientists, along with some 
suggestions as to why we are not reaching it. 
The article concludes with recommendations for 
better science teacher education. I think you will 
profit from this article—Puiip Prax, Indiana 
University, Bloomington, Indiana. 
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Curistorrerson, H. C. “Who Said SIMPLE 
ARITHMETIC?” NEA Journal, January, 
1959, pp. 51-52. 


Do you want to have your placid feelings 
about elementary arithmetic shaken? If not, do 
not read this short article by a former president 
of the National Council of Teachers of Mathe- 
matics. Did you ever stop to think how complex 
simple arithmetic is? Think of subtraction; 
what is it, regrouping? Yes, maybe, but as the 
author says, what if the boy eats two cookies 
out of five? Is this regrouping? Then there are 
the concepts of how much more and how much 
less or even how much must be added. Is sub- 
traction one “simple’’ idea? 

We also have division, but is it ‘‘simple’’? 
$12+$4=3 is measurement, and $12 +4 =$3 is 
partition. But what of $12 +$200 or $12 +.06? 
How would you describe these ideas—simple, 
you say? I challenge you to read this article and 
still subscribe to the idea of “simple” arithmetic. 
—Puiuip Peak, Indiana University, Blooming- 
ton, Indiana. 
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One proposal for improving our educa- 
tional system to meet the demands of 
modern society is to extend the school 
year. One way to do this is to offer a 
summer school program tailored to the 
needs of those who attend. Frequently 


A seminar for junior high school stu- 
dents was held at our campus laboratory 
school during the summer of 1958. It was 
the purpose of this seminar to develop an 
experimental model of an eight-week sum- 
mer program which could be adopted for 
use by the public schools. It was a non- 
credit, tuition ($20 fee) program, with a 
conscientious emphasis on enrichment be- 
yond the regular academic-year curricu- 
lum in science and mathematics. 

It was proposed that those participants 
selected would be: 

1. pupils who had just completed grades 
seven, eight, or nine; 

2. pupils in the upper one-fourth of their 
science and mathematics classes; 

3. pupils recommended by their teachers 
and principal. 

With these things in mind, personal 
visits were made to the schools judged to 
be within commuting distance of Cedar 
Falls. The program was explained to ad- 
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Edited by Donovan A. Johnson, University of Minnesota High School, 


Junior high school seminar 


in science and mathematics 


Towa State Teachers College Laboratory School, Cedar Falls, Iowa 


Minneapolis, Minnesota 


these programs have been of a remedia 
type or largely craft work. The article that 
follows describes a successful summer pro- 
gram for superior junior high school pupils 
with special interest in science and mathe- 
matics. 


by Ross A. Nielsen and Walter Gohman, 


ministrators and teachers, and a limited 
number of application blanks were left at 
each school. One hundred eighty-one ap- 
plications for seminar membership were 
received. The general quality of the appli- 
cants can be observed from the fact that 
the mean of the IQ scores reported for 
these students was 123. 

Selection of fifty seminar members from 
this group was accomplished on the basis 
of individual scores on standardized 
achievement tests, which had been re- 
corded on the application forms by the 
school principals. It is of interest to note 
that of the fifty-eight pupils selected none 
was below the ninety-third percentile on 
the composite score of the standardized 
achievement tests. 

The program of instruction was con- 
structed on the philosophy that it was to 
be an enrichment, seminar-type program, 
devised to stimulate pupil attitudes and 
interests in science and mathematics. For 
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scheduling of classes the pupils were 
divided arbitrarily into two sections: 
those who had studied algebra, and those 
who had not. This particular division con- 
tributed much to the organization of ma- 
terials to be taught in the mathematics 
classes. 

The daily schedule provided 80 minutes 
for mathematics classes and 100 minutes 
for science classes. A 20-minute recess 
period was provided between classes. This 
allowed time for pupils to go to the library, 
to have individual pupil-teacher con- 
ferences, or to do additional laboratory 
work. 

The science section of the seminar was 
taught as an activities program, with the 
learning processes built around laboratory 
experiences and projects. Guide sheets and 
problem materials were carefully planned 
which would lead the pupil to the under- 
standing of certain basic concepts and 
generalizations. Four basic topics from the 
physical sciences were studied: (1) Me- 
chanics, (2) Meteorology, (3) Electronics, 
and (4) The Atom. These topics were 
studied simultaneously by small groups, 
thus making full use of the laboratory ap- 
paratus and facilities at all times. 

The mathematics taught to the seminar 
pupils had two primary objectives: first, 
to supply the mathematics that was neces- 
sary for the students to operate success- 
fully in the science laboratory at the time 
this need was most evident to the stu- 
dents; and second, to present some of the 
concepts of modern mathematics, where 
mathematics is considered as a carefully 
structured abstract system. The topics 
presented in this section of the seminar in- 
cluded: 1) Mathematical Sets, (2) Rela- 
tions and Functions, (3) Analysis of the 
Plane, (4) Logarithms and the Slide Rule, 
(5) Linear Programming, and (6) Intuitive 
Probability and Statistics. 

In order to acquaint the seminar pupils 
with modern applications of science and 
mathematics, four field trips were sched- 
uled. Preliminary planning was done in 
order to assure maximum benefit from 
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these excursions. The places visited were: 
(1) Municipal Airport and Weather Bu- 
reau, Waterloo, (2) John Deere Tractor 
Works, Waterloo, (3) U. 8S. Air Force 
Radar Station, Waverly, and (4) Collins 
Radio Company, Cedar Rapids. 

The group took advantage of special 
lectures which were presented on the col- 
lege campus during the summer session. 
Among those attended were the appear- 
ances of Dr. George 8. Counts; Dr. David 
G. Simons, USAF; the USAF Rocket- 
Missile Team; and others. 

In order to provide these junior high 
school pupils an opportunity to release 
certain physical energies, as well as the op- 
portunity for informal acquaintance with 
their peers, one forty-five-minute period 
each week was set aside for instructional 
and recreational swimming. 

During the final week of the session a 
“Parent Potluck and Open House” was 
held. Following a potluck supper each 
pupil acted as a guide, giving his parents a 
conducted tour of the seminar facilities, 
and demonstrating the activities and 
projects in which he had participated. 
Nearly one hundred per cent of the par- 
ents were in attendance and the event was 
judged to be extremely valuable. 

Each pupil-section organized an evening 
party during the last two weeks of the 
summer. These were held in the campus 
school cafeteria under the regulations for 
class parties used during the regular 
school year. The parties served a definite 
need, were carefully planned and well 
attended. 

A long list of the remarkable abilities, 
attitudes, and achievements of the mem- 
bers of this group could be made: their 
unusual drive and eagerness for knowl- 
edge; their many extra hours of voluntary 
work; their mature social and physical 
development; their emotional stability; 
their mature thinking about future educa- 
tional plans; their desire to work inde- 
pendently and creatively in the labora- 
tory; and so on. These qualities make the 
group seem quite unique in the light of 


} 
hy 


some opinions expressed about teen-agers. 
However, we are quite impressed hy the 
sincerity, knowledge, and concern for the 
future demonstrated by superior junior 
high school students. Perhaps they sur- 
pass those of former generations in these 
traits. 

Since the seminar participants were 
carefully selected from high achievers in 
science and mathematics, one might as- 
sume that this resulted in a highly homo- 
geneous group. This, however, was not the 
case. There was a tremendous range within 
the group in regard to skills and concepts 
in both science and mathematics. Many 
pupils were naive and inexperienced in 
working with science apparatus, while 
others were quite competent. The time 
which pupils needed to complete mathe- 
matics practice materials and science 
projects varied greatly. Some pupils had 
broad backgrounds pertaining to one or 
two topics in science, but possessed 
limited knowledge regarding others. De- 
spite the fact that the seminar pupils had 
a common interest in science and mathe- 
matics, their special interests were quite 
diverse. 

Even among those pupils of similar in- 
terests and abilities, another significant 
difference existed: some relied completely 
upon guide sheets, reference books, and 
teacher instruction in attacking a problem; 
others were self-reliant, curious, and crea- 
tive and were highly motivated to seek a 
solution independently. This trait did not 
appear to be closely correlated with aca- 
demic ability within this particular group. 
It is believed that this desirable character- 
istic is more readily identified in a seminar- 
type situation than in the more typical 
science and mathematics classroom. From 
our experience in working with these su- 
perior pupils the usual notion of homo- 
geneous grouping and its concomitant 
benefits seems rather fanciful. Educators 
must strive to recognize individual dif- 
ferences and develop teaching methods to 
provide for them in the classroom. 

Since the seminar was proposed on an 


experimental basis, considerable attention 
was given to planning for careful evalua- 
tion of the program, and for a follow-up 
study involving the seminar participants. 

On the first day of the session an en- 
trance questionnaire was filled out by each 
pupil. This questionnaire was designed to 
provide information: (1) in regard to the 
student’s background in academic courses 
and participation in science clubs, fairs, 
and hobbies; and (2) concerning the 
pupil’s attitudes, interest, and abilities in 
science and mathematics. 

At the end of the summer another ques- 
tionnaire was completed which not only 
asked further questions regarding atti- 
tudes and interest, but also gave each pu- 
pil the opportunity to objectively rate and 
criticize every phase of the seminar. 

As further inquiry into the value of such 
a summer program, plans are being made 
for questionnaires to be sent to the parents 
of each seminar pupil and to his school 
principal and teachers. Plans also call for 
a short personal interview with each pupil 
who participated, in an attempt to in- 
vestigate the effect the seminar has had 
upon his school attitudes and achieve- 
ment, and to ask what influence the semi- 
nar may have had upon his future educa- 
tional and vocational plans. 

Since the seminar was proposed as an 
experimental model which might be 
adopted by the public schools, a report on 
the amount of contact (both direct and 
indirect) between the program and the 
public seems in order: (1) Considerable at- 
tention was given to the program through 
newspaper, radio, and television media. 
The seminar was discussed on the college’s 
weekly question program over radio sta- 
tion WOI. (2) Letters were sent to depart- 
ment heads, workshop directors, and the 
National Science Foundation Institute on 
the college campus, calling their attention 
to this new program and cordially inviting 
individual and group observations. Teach- 
ers and administrators from the schools of 
participating pupils, as well as parents, 
were also invited to observe. A cumulative 
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total of more than 400 individuals visited type of summer program, and the in- 
the seminar classes. 3) The writers have —_ creasing number of inquiries as to its con- 
also spoken to many civic, public school, _ tinuation are indicators of the need for 


and college groups and to education con- —=such a program for superior students. 
ferences, describing the organization and With these things in mind it is our recom- 
function of the seminar program. mendation that schools give high priority 

The tremendous success which the semi- _ to the operation of similar programs dur- 


nar enjoyed, the public acclaim for this _ing the summer session. 


We must maintain and decisively increase 
our technological, industrial, and military lead— 
for self-defense in the last resort, but first of all 
in the hope that a superior weapons capability 
may effectively discourage any large-scale Com- 
munist military aggression. But this negative 
task is overshadowed by the even larger tasks 
set by basic American objectives, moral com- 
mitments, and aspirations. At this juncture of 
history these constructive tasks urgently de- 
mand the allocation of an increasing share of the 
national effort and resources, not only to the 
maintenance of the national and international 
gains already made, but also to the continued 
advancement of social, economic, and moral 
progress. If American objectives are to be vig- 
orously advanced and America’s historic role as 
the champion of liberty and human dignity is 
to be effectively fulfilled on the international 
scene, our national task is without historic 
parallel—and infinitely greater and more diffi- 
cult than that for which the Soviet Communists 
would mobilize their resources.—Soviet Pro- 
fessional Manpower, National Science Founda- 
tion, 1955. 


Justice to the Individual 


If we are to do justice to the individual and 
respect his dignity, we must seek for him the 
level and kind of education which will open his 
eyes, stimulate his mind and unlock his potenti- 
alities. We should seek to develop many educa- 
tional patterns—each geared to the particular 
capacities of the student for whom it is de- 
signed.—The Pursuit of Excellence (Rockefeller 
Brothers Fund, Inc.). 
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It is my assumption that it is the pur- 
pose of this column not to express plati- 
tudes but to evoke thinking, debate, and 
criticism and perhaps also other view- 
points on the same subject. This is the 
purpose of the following statement, and 
while the writer holds to what is expressed, 
he also recognizes that the matter is con- 
troversial. 

A question that almost all in-service 
teachers are asking themselves and that is 
confronting all those persons charged with 
the education of future teachers of second- 
ary school mathematics is what and how 
much mathematics must the teacher 
know. This leads to the concomitant ques- 
tions: must the senior high school teacher 
know more mathematics than the junior 
high school teacher, and must a teacher of 
the ablest students or advanced placement 
classes know more than the teacher of the 
regular high school curriculum in mathe- 
matics. If the question is only one of 
“more,” then I am inclined to say, ‘Yes, 
the more advanced the mathematics that 
is taught, the more a teacher must know 
about mathematics.” But if the question 
is one of quality, of depth, of mathemati- 
cal rigor, then I must say “‘no.’”” Whatever 
mathematics is studied should be taught 
at the same high scholarly level and with 
the same content, regardless of the level 
at which the teacher instructs. 

Certification requirements, set by the 
states, and graduation requirements, set 
by the colleges, vary greatly throughout 
the country, and generally a junior high 
school mathematics teacher is required to 
study less mathematics than a_ senior 


@ POINTS AND VIEWPOINTS 


How much mathematics should teachers know? 


by Howard F. Fehr, Teachers College, Columbia University 


A column of unofficial comment 


high school teacher. But certainly, a 
junior high school teacher of the first 
course in algebra must have as thorough 
and as modern a knowledge of the nature 
of algebra as one who teaches the second 
course in algebra in the senior high school. 
However, the senior high school teacher 
may need more knowledge of algebra. 
Similarly, a teacher of an advanced place- 
ment course in calculus should be as 
thoroughly trained in analysis as a college 
instructor of the same course. This indi- 
cates study in higher analysis and theory 
of functions that is not necessarily essen- 
tial to the teaching of advanced algebra, 
trigonometry, and probability at the high 
school level. 

If we make the assumption that the 
teaching of more advanced courses in the 
secondary school should require more 
study of mathematics as preparation, then 
it appears to me that two accompanying 
propositions become evident. 

a) There is some sort of hierarchy of 
courses in mathematics for teachers in 
which all teachers start their study at the 
bottom. As the ladder is scaled, a mini- 
mum height must be reached, below which 
a junior high school teacher may not be 
certified to teach mathematics. For senior 
high school teaching, a higher level of at- 
tainment must be prescribed; and for ad- 
vanced or college courses, still higher at- 
tainment is necessary. A different certificate 
should be given for the attainment of each of 
these levels. To teach at a higher level, a 
teacher with a lower certificate would have 
to extend his knowledge and meet the 
requirement (pass examinations in the 
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prescribed courses) set for the higher 

certificate. 

b) Since a higher level of the hierarchy 
requires longer study and an evident abil- 
ity or ambition to do the higher study, 
teachers earning a higher certificate should 
be rewarded by higher salaries. 

For discussion, I shall propose as a possi- 
ble hierarchy the following, well aware 
that there will be points of disagreement 
and also other equally sufficient succes- 
sions of courses. 

Before beginning a collegiate teacher 
training program, every candidate should 
present as entrance qualification a four- 
year (grades 9 through 12) program of 
college preparatory mathematics equiva- 
lent to that recommended by the Commis- 
sion on Mathematics of the College En- 
trance Examination Board. A person ap- 
plying for admission to the teacher train- 
ing program with less than these require- 
ments should make up the deficiency be- 
fore embarking on the following courses: 
1. A one- to one-and-one-half-year course 

(eight to twelve semester hours) in co- 
érdinate geometry, differential and 
integral calculus, and elementary differ- 
ential equations with application. Re- 
quired of all students. 

2. A one-year course in Algebra (six to 
eight semester hours) including poly- 
nomial, linear, and modern algebra, 
i.e., the important aspects of the theory 
of equations, matrices, determinants, 
n-dimensional linear spaces, sets, 
groups, rings, and fields. Application 
to the number systems and the theory 
of numbers. Required of ali students. 
The above would constitute the mini- 

mum for the Lower License to teach in 

junior high school. A concomitant course 
should be one in professionalized subjects 
matter at the junior high school level. 

3. A one-year course in geometry (six to 
eight semester hours). This course 
should consider axiomatic bases of the 
Euclidean plane geometry and similar 
treatment of projective, affine, and 
non-Euclidean geometries. The realiza- 


tion of these geometries with the real 

numbers should be an important aspect 

of the course. 

4. A one-year course in permutation, com- 
bination, probability, and statistical 
inference. 

The above courses would constitute a 
minimum for the Second License to teach 
in senior high school. It should be accom- 
panied by a course in professionalized sub- 
ject matter at the senior high school level. 
5. Higher analysis or theory of functions 

(one-year course). 

6. Foundations of mathematics and math- 
ematical logic (one-year course). 

7. History of mathematics (one-half or 
one year of study). 

8. Courses in applied mathematics (one 
year). 

The above courses would constitute the 
minimum for Top License, and would 
permit the teacher to teach in special 
classes and junior college. 

Of course, if would be expected that 
periodically all license holders would re- 
new and update their knowledge at the 
level of their respective licenses. 

The United States is one of the very few 
countries in the world today that rewards 
all teachers—kindergarten through junior 
college—with the same salary for the 
same length of service (not according to 
the type of teaching, or skills and intellec- 
tual attainment involved). This may be 
what our country wants. If so, then what 
does it profit a high school teacher to be- 
come more ambitious in his teaching or his 
pursuit of knowledge? Of course there is a 
basis for equal salary from a social point of 
view, but in its civil and social service, 
society must be efficient. Today it is be- 
coming more and more evident that the 
most efficient society will eventually domi- 
nate the world with its political and eco- 
nomic philosophy. To this end, we can 
well begin immediately to examine the 
viewpoint that excellence in scholarship 
should not only be demanded, but also 
should be rewarded in degree of societal 
status and monetary return. 
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BOOKS 


College Algebra (4th ed.), Joseph B. Rosenbach, 
Edwin A. Whitman, Bruce E. Meserve, 
Philip M. Whitman (Boston: Ginn and 
Company, 1958). Cloth, xiv-+579 pp. +xlvi 
(answers), $5.25. 


This is a considerably expanded revision 
(564 pages) of a well-known text (418 pages in 
the 1939 edition). Chapter headings in the 
two editions are identical except for the replace- 
ment of the chapter on annuities by one on 
statistics. Besides new text material, the prob- 
lem lists are almost completely new. Features 
which have appealed to users and made it 
painless to teach have been retained. Thus one 
finds the warnings to students on common errors, 
long lists of drill problems, and explicitly stated 
(without proof) rules of procedure. Unfor- 
tunately these features do not imply mathe- 
matical clarity and the new edition is neither 
clearer nor more precise than the old. 

Some characteristics of the new edition can 
be seen by comparing Chapter One, ‘“Funda- 
mental Operations,” in the two editions. Both 
take about a page to “define” the real number 
system. The new version has a section on 
‘literal number symbols,” a terminology not 
used outside elementary algebra texts. The 
discussion of variables and constants is confus- 
ing. There is a section on inequalities in the new 
edition, but, strangely, the relation ‘less than’”’ 
is defined by reference to right and left on the 
number line! The new edition perpetuates the 
familiar monomial, multinomial language, but 
the definition of polynomiai comes out a bit 
clearer. Neither edition states the division 
algorithm for polynomials. One of the new sec- 
tions, ‘Application to Measurement,” contains 
“definitions” of ‘exact’? and “approximate” 
numbers, teminology which is never used else- 
where. All this takes 38 pages, compared to 13 
pages in the 1939 edition. 

To summarize, the new edition is a some- 
what wordy restatement of the traditional 
college algebra material with no concession to 
modern trends.—Merrill E. Shanks, Purdue 
University, Lafayette, Indiana. 


Geometry Can Be Fun, Louis Grant Brandes 
(Portland, Maine: J. Weston Walch, 1958). 
Paper, iv+249 pp., $2.50 (teacher edition). 


This is a darling book, full of material suit- 
able for mathematics clubs. It is divided into 


Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Iowa 


seven parts: I, tricks, puzzles, and illusions; II, 
historical sketches; III, mainly crossword puz- 
zles; IV, games; V, projects for students and for 
classrooms; VI, geometrical constructions and 
logical puzzles; VII, a miscellany of jokes and 
quotations. 

Each of the parts is a collection of more or 
less well-known items. The value of the book is 
that it saves the teacher the trouble of looking 
for them. Much of the material can be used for 
motivation in class lessons, the rest for extra- 
curricular work in mathematics. The only criti- 
cism the reporter can make is that some of the 
items have little to do with geometry per se, but 
this is not a serious objection. The teacher will 
find in the book suggestions for conducting drill 
and review lessons and for making visual aids. 

I recommend the book highly for teachers of 
mathematics.—Irving Allen Dodes, Bronx High 
School of Science, New York 68, New York. 


Mathematics in Fun and in Earnest, Nathan 
Altshiller Court (New York: The Dial Press, 
1958). Cloth, 250 pp., $4.75. 

This book has something in it to interest al- 
most every high school student of mathematics. 
However, it has a lot in it that would be of inter- 
est to only a small number of such students. 

The title is accurate in that much of the ma- 
terial discussed is serious mathematics and some 
of it is mainly just for fun. There are excellent 
discussions on philosophical aspects of mathe- 
matics, reasoning, logic, the infinite, and others. 
I can see some thoughtful student being quite 
intrigued by ‘‘the motionless arrow” and the 
arguments of Zeno. Or he could easily be equally 
interested in the discussion of mathematics 
and genius and the question “Are inventions 
inevitable?” 

These sections, which would seem to capture 
the imagination of the bright student, would 
probably be extremely dull reading to the aver- 
age student. It doesn’t appear that there is 
anything here to make mathematics interesting 
unless it is already interesting. On the other 
hand it would seem that the last chapter on 
mathematics as recreation would have some 
appeal to almost everyone. The author has 
combined some mathematical folklore, some 
famous problems, and some puzzle problems. 
These have solutions given on a later page and 
are challenging and yet easily understood. 

It is the opinion of the reviewer that this 
book should be in the mathematical library of 
each high school and college. It supplies a need 
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for something that the thoughtful student can 
read which gives him some sound material 
about the nature of mathematics.—J/sobel Blyth, 
Michigan State University, East Lansing, Michi- 
gan. 


The Tree of Mathematics, edited by Glenn James 
(Pacoima, Calif.: The Digest Press, 1957). 
Cloth, xvii+403 pp., $6.00. 


This book describes the main branches of 
mathematics, beginning with high school algebra 
and plane geometry, and extending far into 
graduate mathematics. It includes very modern 
topics such as abstract sets, dynamic program- 
ming, and the theory of games. The 27 chapters 
of The Tree were published originally as a series 
of expository articles in the Mathematics Maga- 
zine; the type and format of the book are those 
familiar to readers of that magazine. 

The Tree includes a short but comprehensive 
introduction to each of the principal branches 
of mathematics, written by an expert in the 
field. The book will prove to be most useful as a 
reference volume rather than as a textbook, al- 
though it has potential value for survey courses. 
Teachers of secondary mathematics will want 
to consider The Tree for their high school 
libraries. It ably answers questions of the in- 
quiring student such as “What does one study 
in the calculus?’ The teacher of college mathe- 
matics will want to consider The Tree for his 
persona! library. It affords a convenient refer- 
ence for the ‘‘modern’”’ mathematics which is 
being discussed so much today in considera- 
tions of changes in curricula.—Harold D. Lar- 
sen, Albion College, Albion, Michigan. 


MODEL 


The Fractions Kit, Models of Industry, Ine. 
2100 Fifth Street, Berkeley, California. Kit 
1200, $3.95; Kit 1201, $6.95. 


These kits were designed by William H. 
Glenn and they include the following: Kit 1200 
contains flannel-backed paper strips for use on a 
flannel board and a 40-page handbook giving 
some suggestions for using these strips. Kit 1201 
contains the same materials as Kit 1200 with 
the addition of 40 flash cards (4” <5”) for ratios 
and proportions, 24 flash cards (4” 6") for 
common fractions, decimal fractions, and per 
cent equivalents, and 57 Math Fun Cards 
(4” X7"). 

Ten of the flannel-backed strips are 20” long, 
while 9 are $, 4, 3, 4, 4, 4, and Yeas long. The pat- 
tern of these strips is that one 20” strip pictures 
the basic unit, another 20” strip has a mark in 
the middle labeled } and the end point labeled , 


Tue Fractions Kir 


the next strip is divided into three equal parts 
labeled 4, 3, and %. This continues with a strip 
for fourths, one for fifths, one for sixths, one for 
eighths, one for tenths using common fraction 
symbols, one for tenths using decimal fraction 
symbols, and one for per cent. The shorter strips 
are labeled appropriately 3, 4, etc. 

The ‘‘Math Fun” ecards all involve fractions 
and include tricks, puzzles, and problems de- 
signed to help pupils discover various relation- 
ships among fractions. Each card has a num- 
bered problem or puzzle described on one side 
with the solution or explanation on the reverse 
side. 

The kits are intended to be applicable to 
several grade levels. For use at the junior high 
school level, the most useful materials would be 
the ‘‘Math Fun” cards, the flashcards for ratios 
and proportions, and the flashcards for fractions 
and per cent equivalents. 

When used in connection with the conven- 
tional junior high textbooks, the materials 
should help considerably in making the instruc- 
tion more meaningful. The reviewer feels, how- 
ever, that the traditional approach to fractions, 
ratio, and per cent needs quite a bit of over- 
hauling. I agree that the materials in the kits 
are excellent for developing the notion of frac- 
tions, but I don’t agree that a ratio is a fraction. 
Hence, these materials will not help to develop 
the notions of ratio and per cent as I understand 
them. All things considered, I believe that these 
kits are good.—Richard D. Crumley, Iowa State 
Teachers College, Cedar Falls, Iowa. 
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@ TESTING TIME 


Edited by Robert S. Fouch, Florida State University, 
and Robert Kalin, Florida State University, Tallahassee, Florida 


Some comments on grading procedures 


I search with thoughtful, deep intent 
For something that will represent 

A guess, perhaps intelligent. 

My brain reels on in wild congestion; 
Down goes a mark at some suggestion— 
And then I ask myself this question, 

‘Is this his grade, or my digestion?’* 


Many teachers—and not just those 
with weak stomachs—have fretted for 
years over the difficulties in scoring tests 
and assigning grades. During the recent 
attempt to establish a science of educa- 
tion, education texts and journals have 
been replete with discussions of “school 
marks.” It can hardly be asserted, how- 
ever, that the multitude of resulting rec- 
ommendations has yet produced any 
great change in practice. 

How many and what are these difficul- 
ties? Seemingly the problems are trans- 
finite in number. Among the frequently 
raised questions are these: 


. What scheme of grades is best? A two- 
category system like Pass—Fail? Or 
would the category names of Satis- 
factory—Unsatisfactory be better? Per- 
haps as many as nine categories would 
be best. If the more standard A 
through E (or F) system is used, what 
should each letter denote? 

. How should grades be used in the ad- 
ministrative functions of classifying, 


* R. J. Bretnall, ‘‘Mystery,” The Clearing House, 
XI (December, 1936), 227. 


by Robert Kalin 


promoting, or guiding students; of 
evaluating teacher performance? Or 
should we heed those experts who ad- 
vocate the elimination of grades? What 
about social promotion? 

How may grades be best used in the 
instructional areas of motivation, diag- 
nosis, evaluation of instructors or stu- 
dents, research? 

. How might one objectively score essay 
questions? Is giving part-credit within 
a question defensible? What should be 
the relative weight of test to recitation? 
Of final exam to weekly test? Should 
homework be graded? What about ex- 
emption from final examinations? 


These are all important problems, al- 
though they are sometimes treated trivi- 
ally. (The author well remembers a fac- 
ulty meeting where two hours were spent 
in debate over whether E or F should de- 
note a failing grade!) Here, however, we 
restrict ourselves to the ever-present real 
difficulty of assigning one of five well- 
defined letter grades to a mathematics 
test score. 

Such an assignment is often made on the 
basis of per cent scoring, grading, and 
averaging; for example, 90-100% is often 
considered excellent, and below 60% or 
65% is rated failure. As comfortable and 
traditional a practice as this may be, it 
has certainly been severely criticized. Its 
critics assert that 100% can hardly indi- 
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cate a state of perfection, and that 0% 
doesn’t necessarily imply a complete lack 
of knowledge. Also, what can any per cent 
between these two extremes mean? 

One might counterclaim that 90%, for 
example, means knowledge of that fraction 
of instructional material covered. But 
surely any test is but a sample of content 
coverage. Who can guarantee that such a 
sample is representative of the total popu- 
lation of questions which might have been 
asked? All of us, as students or teachers, 
can remember expressing or hearing ex- 
pressed the often legitimate student com- 
plaint: “I actually knew more than was 
on the test, but it emphasized the one 
thing I was weakest in.”’ (One seldom 
hears, “I knew less, but the test empha- 
sized the one thing I was strongest in’”— 
but perhaps this situation occurs just as 
frequently!) 

One might safely claim that 90% simply 
means knowledge of that fraction of an- 
swers to the questions asked. But then 
how does one compare the performance of 
two or more classes over the same subject 
matter if the administered tests differed? 

From another point of view, how can 
one average a student’s per cent score on 
one test with that on another test, if the 
two tests differed in certain fundamental 
respects? To see this problem clearly, con- 
sider the data in Table 1. 

But first, recall the properties of 
arithmetic mean and standard deviation. 
The former is a statistic indicating the 
central tendency of a group of measure- 
ments; it is computed by the formula, 


2X 
M=— 
N 


where LX is the sum of scores and N is the 
number of scores. 

A statistic used less frequently in the 
classroom is the standard deviation of a 
distribution. It is a measure of the vari- 
ability of the scores, computed by the 


formula, 
/ =(X-—M)? 
+ 
N 


Just as there are other measures of 
central tendency (e.g., median, mode, 
geometric mean), so there are other meas- 
ures of variation. But standard deviation 
has the intriguing property that it indi- 
cates a bound to the percentage of scores 
within any interval centered around the 
mean. (This is Chebyshev’s theorem for a 
frequency distribution: At least the frac- 
tion 1—1/h? of the scores lie within h 
standard deviations on either side of the 
mean. See page 27 of ‘Introductory Prob- 
ability and Statistical Inference for Sec- 
ondary Schools,’”’ prepared for the Com- 
mission on Mathematics, New York, 
1957.) 

Having recalled these principles, we 
note from Table 1 that student Y, under 
usual per cent grading practices, will prob- 
ably receive a D, whereas student Z will 
receive a C. But is Master Z truly superior 
to Y? On Test A, Z scored one standard 
deviation below the mean, often denoted 
by —1e as result of the computation, 

X—M 70-75 


5 


TABLE 1 
STANDARD SCORES FOR 
caneuael DEVIATION STUDENT Y STUDENT Z 
A 75 5 80 70 
B 70 12 _ 58 82 
TOTAL 138 152 
AVERAGE 69 76 
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On Test B, he scored +1¢. Master Y’s 
situation is exactly reversed: on A, +1¢; 
on B, —1e. Thus Z has the higher per cent 
average because he succeeded in scoring 
higher on the test with the greater a, and 
lower on the test with smaller o. But in 
terms of relative standing, he is not su- 
perior to Master Y. 

To summarize, there seem to be two 
‘sound criticisms leveled against the per 
cent grading system: 


(1) The meaning of any per cent score on 
a test and the practice of arbitrarily 
assigning grades to fixed per cent 
bands are both questionable. 

(2) Averaging per cents over two or more 
tests can misalign relative standings. 


Suggestions have been made which ap- 
pear to furnish a way out of this predica- 
ment. Already noted in the body of argu- 
ment concerning our students Y and Z 
was a corrective procedure for the relative 
standing difficulty: scaled scores. First 
compute raw scores. Then compute mean 
and standard deviation of these raw 
scores. Finally convert all raw scores to 
scaled scores by use of the formula indi- 
cated above, namely: 


Sealed Score = 


Using this formula results in the distribu- 
tion having a mean of 0 and standard de- 
viation of 1. Any averaging across tests 
will now appropriately summarize relative 
standing. If one wishes, all test results can 
be converted to any desired mean and 
standard deviation, without changing the 
form of the distribution. For example, the 
following converts to a mean of 50 and 
standard deviation of 10: 


Sealed Score = -10+50. 


o 


What can one then do about the assign- 
ment of grades? It has been advocated 
that a system such as this may be used: 


: +1.5¢ or greater 

: +0.5¢ up to +1.5¢ 
—0.5¢ up to +0.5¢0 

: —0.5¢ down to —1.5¢ 
— 1.50 or below 


Such a system automatically preserves the 
shape of the distribution, while assigning 
a grade to a student strictly in terms of 
his standing relative to the rest of his 
class. (There is nothing particularly 
sacred about the boundaries and 1¢ inter- 
vals; they may be adjusted within 
reason. ) 

Some may rightfully claim that this pro- 
cedure does not take into account a stu- 
dent’s performance relative to some 
standard group, either within or without 
the school. A slight adjustment meets this 
criticism. If, within a school, a class is 
available which provides such a standard, 
then grades may be assigned to that class 
in accordance with the above-described 
procedure. Each other class would be as- 
signed grades accordingly. This procedure 
is indicated in Table 2 (to be found on the 
following page). 

If a teacher cannot so refer to a class 
which he feels might be judged typical, the 
adjustment may take place in other ways. 
One method would consist of relating a 
class to some national group via one or 
more standardized tests. Or a teacher may 
make his own adaptations from reference 
to his experience and consequent judg- 
ment of what constitutes typical per- 
formance. 

A note: this procedure is not the same as 
“‘grading-on-the-curve.”’ That system con- 
sists of assigning grades to certain pre- 
determined fractions of the class. For ex- 
ample, the top 7% of scores may be as- 
signed an A, the next 24% a B, next 38% 
a C, next 24% a D, and the bottom 7% 
an F. This process has been criticized for 
inflexibility in terms of its application to 
classes differing in ability or achievement. 
(The reader may forcefully verify this 
criticism by applying this grading system 
to the three distributions in Table 2; he 
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TABLE 2 


NuMBER OF STUDENTS 


Score Below- Above- Class 
average average judged 
class class typical 
95 2 
90 3 
85 3 2 A 
1.5¢ 
80 4 3 
B 
75 2 7 3 
70 3 4 4 
65 3 3 7 C 
60 4 3 4 
55 7 2 3 
D 
50 4 3 
—1.5¢ 
45 3 2 F 
40 3 
35 2 
31 31 
Mean 55 75 65 
a 11.0 11.0 11.0 


will thereby also note the difference be- 
tween this and the previously described 
grading scheme.) 

A final note: this has been a discussion 


of grading procedures only. It has been 
assumed that the test was designed so as 
to give valid and reliable scores. No grad- 
ing system can make a poor test good. 


Arithmetic—early nineteenth century 


“‘When first the Marriage Knot was tied 
Between my Wife and Me, 

My age did hers as far exceed 

As three times three does three. 

But when Ten years and half ten Years 

We man and wife had been, 

Her age came up as near to mine 

As either is to sixteen. 

Now tell me, I pray, 

What were our Ages on our Wedding Day?” 
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@ TIPS FOR BEGINNERS 


Quite often a teacher finds that the 
textbook in algebra he is using does not 
have sufficient exercises to satisfy his 
needs. He is then faced with the problem 
of getting new ones or of using those in 
the text repeatedly. If he has at his dis- 
posal a simple method of constructing new 
exercises, he then has an opportunity of 
extending a list of satisfactory examples 
indefinitely. I intend to explain how this 
may be done in exercises involving the 
solution of equations. 

The method is essentially that of sub- 
stitution, of replacing xz and y by multiples 
(including fractions) of the original values. 
Thus if we substitute kx for z and my for y 
(where k and m may be integers or frac- 
tions) we derive new equations whose an- 
swers can be foretold. 

The following examples illustrate the 
method: 


LINEAR EQUATIONS 


Example 1. One unknown: The solution 
of the equation 


x—-7+2(82—4) =6 is r=3. 


We can substitute 22 for x to get a new 
equation 2x —7 +2(6z —4) =6 with the 
solution of the new equation one-half 
the original value, i.e., z will be 14. Or if 
we use 32 for x we obtain 


3x2 —7+2(9x+4) =6, 
with the answer one-third of the orig- 


inal, getting z=1. In general, if zx is 
replaced by kz in a linear equation, the 


Making new exercises from old ones 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, and 
William C. Lowry, University of Virginia, Charlottesville, Virginia 


by Rev. Brother Leo, O.S.F., St. Francis College, Brooklyn, New York 


root of the new equation is 1/k times 
the root of the original equation. 

Doubling the constants (not coef- 
ficients) is the equivalent of doubling 
he original value for z. This is true 
because the substitution of x/2 for z, 
with the consequent clearing of frac- 
tions, results in multiplying every con- 
stant by 2. For example, 


6 
2 2 


upon clearing of fractions becomes 
x—14+2(32—8)=12 and yields the 
answer x=6 (twice the original r=3). 


Example 2. Two unknowns: Given the set 
of simultaneous equations: 


r+3y=13 


y= 5 


with the solution r=4, y=3. 
Replacing x by 2x and y by —3y gives 


22 —9y = 13 
4x+3y= 5 


with the resulting solution s=2, y=1. 
In general, if x is replaced by kz, and y 
by my, the value of z in the new set is 
1/k times the value in the original set, 
and the new value of y is 1/m times the 
original value of y. 

If we multiply the constants by 2, 
the original values are doubled. If the 
constants in the original pair of equa- 
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tions are doubled, we get 
r+3y=26 
2z— y=10 
with the solution x=8, y=6. 
If we multiply the constants by k, 


the solution of the new set of equations 
is k times the solution of the original 


set. 


QUADRATIC EQUATIONS 


Example 3. One unknown: From _ the 


quadratic equation 
xz*—6z+8=0, 


with roots of 4 and 2 we can 
get successively 


8=0 (1) 
8=0 (2) 
x?+12z+32=0 (3) 
x?—18x+72=0 (4) 


by the respective substitutions of 2z, 
—3x2, —x/2, for x in the original 
equation. The roots of the new equa- 
tions are respectively, 3, —43, —2, and 
3 times those of the original equation, 
xz? —6x+8=0. The generality is easily 
seen by replacing z by ka, getting 
k?x?—6kx+8=0 whose roots are 4/k 
and 2/k. Hence, the roots of the new 
equation are 1/k times the roots of the 
original equation. In a similar manner, 
multiplication of the coefficient of x by 
k, and the constant by k’*, results in 
multiplying the roots by k, since the 
roots of z?—6kx+8k? =0 are x= 4k and 
x=2k. The method, as should be ap- 
parent, applies irrespective of the na- 
ture of the roots, even if irrational or 
imaginary. 


Example 4. Two unknowns: One linear 


equation, one quadratic. 
rty=5 
2? —xyt+y’?=43. 


If x is unchanged but y is replaced by 
2y, we get 
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z+2y=5 
x? —2ry+4y?=43. 


The value of x remains unchanged in 
the new system, but y is halved. The 
new system 
3x—2y=5 
9x?+6ry+4y? =43 


is obtained by replacing x by 3x2 and 
y by —2y, and will yield answers } of 
the original values for xz, and —} the 
original values for y. 


Example 5. Two quadratic equations: The 


solutions for the system 
= 28 
ry+4y?=8, are (+14, #4) and 
(+4, +1). 


By substituting 22 for xz, a new system 
is obtained: 
22°+32y=14 . 
ry+2y?=4 
with the solutions (+7, +44) and 
(+2, +1). Note that the values for x 


are one-half the original. Other trans- 
formations follow the above patterns. 


WorD PROBLEMS 


Example 6. An auto travelled 720 miles. 


If its speed had been 6 miles 
an hour faster, it would have 
covered the distance in 4 
hours less time. Find its ordi- 
nary rate. 
The usual equation takes this form if 
one unknown is used: 
720 720 


x 


Solving the problem with two un- 
knowns, these equations are obtained: 


xy =720 
(2+6)(y—4) =720. 


In either case, the answer is 30 mph for 
24 hours. 
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By appropriate substitutions we can Facility in the method can readily be 


obtain the following variations: obtained by practice, with the satisfying 

i DIS- ORDINARY result of making available an unlimited 
RATE TIME TaNCB 86BATS number of examples from a known few. 

6 mph faster 2hrs.less 360 30 mph The device also enables teachers to give 


3 mph faster 2hrs.less 180 15 mph 
12 a faster 2bhrs.less 720 60 nets different tests of comparable difficulty to 
6 mph faster 12 hrs. less 2160 30 mph adjacent rows or to different classes. The 


It should be noted that whether the method can, with a little observation and 
roots of the original equation are integral | study, be applied to other types of exer- 
or fractional, rational or irrational, real or —_cises such as those involving radical equa- 
imaginary, the method is valid. tions or addition of fractions. 


Travail of a math student 


Normalistic madness! this math 
Bound by the web of a graph; 
Thought I, ’round and ’round they go 
Where they stop, I don’t know; 
Symbols only, zero through nine 
Which burst forth as the stars shine; 
’T was this, z and y, f (that)! cosine? 
Soon the prof had left me behind; 
’Twas work by day and work by night 
On that terrible symbolic blight; 
It filled my life with many a sigh 
When the answers would be only nigh; 
’Twas check again, and again I would check, 
Though my nerves be nearly a wreck; 
My body would become so weary, 
And my eyes moist and bleary 
During each battle so keen 
With this science which reigns queen; 
But now she is my mighty servant 
For which my prayers of thanks are fervent; 
To her all knowledge must conform; 
Only the ignorant regard her with scorn; 
’Tis work by day and work by night 
With this beautiful symbolic light. 
—C. James Dunigan, Marion, North Carolina 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


The Board of Directors of the National 
Council of Teachers of Mathematics has 
charged the Elementary-School Curricu- 
lum Committee (ESCC) with the follow- 
ing responsibility: 

To develop plans for a study of the elemen- 
tary-school curriculum in mathematics and to 


propose methods for securing the needed finan- 
cial support. 


At the outset of their work in relation 
to this responsibility, the members of the 
ISCC clearly recognized the need for 
special emphasis upon the mathematical 
content of the arithmetic curriculum: its 
nature, scope, organization, sequence, and 
the like. We also clearly recognized that, 
to be most effective, such a curricular 
study should not be designed and executed 
from the standpoint of the elementary 
school alone. Rather, it should take cog- 
nizance of and be related to significant 
work and developments that have been 
and are taking place in regard to the 
mathematics curriculum of the secondary 
school, at both the junior high school and 
senior high school levels. 

Consequently, the members of the 
ESCC first devoted considerable time to 
a consideration of the work of groups such 
as the following, with particular attention 
to implications for the mathematics pro- 
gram at the elementary-school level: 


1. The Secondary-School Curriculum 
Committee of the National Council of 
Teachers of Mathematics. 

. The Commission on Mathematics of 


The Work of the Elementary-School 


Curriculum Committee 
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the College Entrance Examination 
Board. 

3. The UICSM Mathematics Project, and 
the newly initiated University of Illi- 
nois Arithmetic Project. 

4. The University of Maryland Mathe- 
matics Project: Junior High School. 

5. The School Mathematics Study Group. 


We also took into account things such as: 


6. The relevant sections of two future 
NCTM Yearbooks: the 24th on Mathe- 
matical Concepts and the 25th on 
Arithmetic. 

7. Significant elementary-school mathe- 
matics curriculum projects recently 
completed, or currently in progress, at 
local and state levels. 


Out of this background the ESCC for- 
mulated proposals relating to a compre- 
hensive study of the elementary-school 
mathematics curriculum that embrace the 
following complementary phases of ac- 
tivity which would operate more or less 
simultaneously, each contributing to the 
progressive development of the other: 

A. ‘Normative’ Research: an analysis 
of the current status of the elementary- 
school curriculum in mathematics, with 
special emphasis upon content considera- 
tions. This analysis should take into ac- 
count the objectives of mathematics in- 
struction at all levels, and should reveal 
the significant strengths and weaknesses 
of current status at the elementary-school 
level in relation thereto. 
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B. “Action” Research: the development 
and preparation of teaching-learning ma- 
terials (i.e., “units,” “sequences,” and the 
like) relating to selected phases or aspects 
of content appropriate for the elementary- 
school curriculum in mathematics; the 
tryout of such instructional materials in 
actual classroom situations; the subse- 
quent revision and refinement of these 
materials. 

Both phases of research may suggest 
needed controlled experimental studies. 
In any event, the proposed study would 
lead to the progressive formulation of con- 
clusions and recommendations regarding 
the elementary-school mathematics cur- 
riculum—the nature, scope, organization 
and sequence of its content—from the 
standpoint of the elementary school itself, 
and from the standpoint of the relation of 
the elementary school to the junior and 
senior high schools. 

At the recent Christmas Meeting of the 
National Council of Teachers of Mathe- 
matics (held in New York City) the Board 


Call for candidates 


of Directors approved the ESCC’s re- 
search recommendations, along with plans 
for setting up a suitable preliminary opera- 
tional organization in order to initiate and 
maintain the proposed study in direct as- 
sociation with an ongoing mathematics 
curriculum project at the secondary- 
school level. 

Subsequent issues of The Arithmetic 
Teacher and THe Matuematics TEACHER 
will carry further progress reports from the 
Elementary-School Curriculum Commit- 
tee as plans materialize. 

Joyce BenBRooK; University of Hous- 
ton 

Laura K. Eaps; Bureau of Curriculum 
Research, New York City Public Schools 

ANN C. Perers; State Teachers College, 
Keene, N. H. 

IRENE SavuBzE; Division of Instruction, 
Detroit Public Schools 

Henry Van EnGeEN; University of 
Wisconsin 

J. Frep Weaver (Chairman); Boston 
University 


The Committee on Nominations and Elec- 
tions is making plans for the 1960 election. Offi- 
cers to be elected in 1960 are: President, Vice- 
President for Senior High School, Vice-Presi- 
dent for Elementary School, and three Direc- 
tors. 

The Committee invites your suggestions for 
candidates. Please submit names of able individ- 
uals, along with full information about their 
qualifications, to the Chairman of the Com- 
mittee on Nominations and Elections, Mrs. Ida 
Bernhard Puett, 1075 Flamingo Drive, SW, 
Atlanta 11, Georgia, not later than May 10, 
1959. 
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Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and ad- 
dress of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issues of THE 


Matsematics Tgacuer. Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 Six- 
teenth Street, N. W., Washington 6, D. C. 


NCTM convention dates 


JOINT MEETING WITH NEA 


July 1, 1959 

St. Louis, Missouri 

M. H. Ahrendt, 1201 Sixteenth Street, N. W., 
Washington 6, D. C. 


NINETEENTH SUMMER MEETING 


August 17-19, 1959 

University of Michigan, Ann Arbor, Michigan 

Phillip 8. Jones, Mathematics Department, 
University of Michigan, Ann Arbor, Mich. 


THIRTY-EIGHTH ANNUAL MEETING 


April 20-23, 1960 
Hotel Statler, Buffalo, New York 


Louis F. Scholl, Board of Education, Buffalo 2, 
New York 


i Other professional dates 


Illinois Council of Teachers of Mathematics 

April 15, 1959, Charleston, Illinois 

April 18, 1959, Arlington Heights, Illinois 

April 18, 1959, Carbondale, Illinois 

T. E. Rine, Illinois State Normal University, 
Normal, Illinois 


Mathematics Section of the New York Society for 
the Experimental Study of Education 

April 17, 1959 

Teachers College, Columbia University, New 
York, New York 

John A. Schumaker, Montclair State College, 
Montclair, New Jersey 

Missouri Section of the MAA and NCTM 

April 25, 1959 

Lindenwood College, St. Charles, Missouri 

8S. Louise Beasley, Lindenwood College, St. 
Charles, Missouri 


Association of Mathematics Teachers of New 
York State 

May 1-2, 1959 

Hotel Syracuse, Syracuse, New York 

Katherine Engler, Memorial High School, Val- 
ley Stream, New York 

Tenth Annual Conference of the Michigan Coun- 
cil of Teachers of Mathematics 

May 1-3, 1959 

MEA Camp, St. Mary’s Lake, Battle Creek, 
Michigan 


Elizabeth N. Scott, Emerson Junior High School, 
Flint, Michigan 

Chicago Elementary Teachers’ Mathematics Club 

May 11, 1959 

Toffenetti’s Restaurant, 65 W. Monroe Street, 
Chicago, Illinois 

Romana H. Goldblatt, Burley School, Chicago, 
Illinois 


Women’s Mathematics Club of Chicago and 
Vicinity 

May 16, 1959 

Stouffer’s Restaurant, Randolph and Michigan, 
Chicago, Illinois 

Delphine Lipecki, Glenbrook High School, 
Northbrook, Illinois 


Tenth Annual Institute for Teachers of Mathe- 
matics, sponsored by ATMNE 

August 12-19, 1959 

University of Rhode Island, Kingston, Rhode 
Island 

Margaret C. Conneely, One Mayfair Drive, 
Rumford 16, Rhode Island 


Fortieth Summer Meeting, Mathematical Asso- 
ciation of America 

August 31-September 3, 1959 

University of Utah, Salt Lake City, Utah 

Harry M. Gehman, University of Buffalo, Buf- 
falo 14, New York 
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Make over 150 Small 
Computing and Reasoning 


Machines with. . . 


A BETTER ELECTRIC BRAIN CONSTRUCTION KIT 


EQUALS THE ORIGINAL GENIAC® electric brain 
construction kit (1955) PLUS many improvements 
and additions: over 600 parts—including 116 im- 
proved patented wipers so that all switches work 
well. Instead of covering only 33 machines, 
BRAINAC gives full specifications for 151 com- 
puting, reasoning, arithmetical, logical, puzzle- 
solving and gameplaying machines .. . all 33 
GENIACS (1955), 13 TYNIACS (1956), and 
105 BRAINACS (1957-58), ete. 
THIS IS BRAINIAC! With our Brainiac Kit K17, 
you can build over 150 small electric brain 
machines and toys which “think,” compute, rea- 
son, and display intelligent behavior. Each one 
works on a single flashlight battery . . . is FUN 
to make, FUN to use and play with, and 
TEACHES you something new about electrical 
computing and reasoning circuits. All connections 
with nuts and bolts—no soldering required. Orig- 
inated and produced exclusively by Berkeley En- 
terprises, Brainiac is the result of 8 years’ design 
and development work with miniature mechanical 
brains including: Geniac (see “Geniacs: Small 
- Electric Brain Machines and How to Make 
Them” by Edmund C. Berkeley, 64 pp., published 
by Geniac Project, a partnership with Oliver 
Garfield discontinued September 1955), Tyniac 
(1956), Relay Moe (automatic relay machine 
playing tit-tat-toe—pictured in Life Magazine, 
March 19, 1956), Simon (miniature automatic 
digital computer with 129 relays—see “Simple 
Simon” by E. C. Berkeley in Scientific American, 
November 1, 1950), Squee (electronic robot 
squirrel—see “Light Sensitive Electronic Beast” 
by E. C. Berkeley in Radio Electronics, Dec. 
1951), ete. 


437 2 

WHAT CAN YOU MAKE WITH BRAINIAC KIT K17? 
Over 150 machines including—Locic Macuings: 
Syllogism Prover, Intelligence Test, Boolean Al- 
gebra Circuits, Douglas MacDonald’s Will Ana- 
lyzer, A Simple Kalin-Burkhart Logical Truth 
Calculator, etc. GAME-PLAYING MACHINEs: Tit- 
Tat-Toe, Nim, Wheeled Bandit, Black Match, 
Sundorra 21, etc. Computers: To add, subtract, 
multiply or divide using decimal or binary num- 
bers. Forty-Year Calendar, Prime Number Indi- 
cator, Money-Changing Machine, etc, CryprTo- 
GRAPHIC MacuineEs: Coders, Decoders, Lock with 
15,000,000 Combinations, etc. PUzZLE-SOLVING 
Macuines: The Missionaries and the Cannibals, 
Age-Guessing Machine, Submarine Rescue Cham. 
ber, Daisy Petal Machine, Fox-Hen-Corn & Hired 
Man, Uranium Space Ship and the Space Pirates, 
The Three Monkeys Who Spurned Evil, General 
Alarm at the Fortress of Dreadeerie, etc. Quiz 
Macuines: History, geography, trigonometry, 
grammar, statistics, calculus, etc. 


WHAT COMES WITH YOUR BRAINIAC KIT... 


WHO IS EDMUND C. BERKELEY? 
Author of “Giant Brains or 
Machines That Think,” Wiley 


Complete Plans, Instructions, Explanations & Hardware: 


e Every part needed to build Geniacs, Tyniacs, Brainiacs— 
over 600 pieces including control panel, multiple switch 
discs, jumpers, improved wipers, bulbs, sockets, washers, 
wire, battery and special tools, 

¢ Complete description of 151 experiments and machines. 

¢ Over 160 circuit diagrams including 46 exact wiring tem- 
plates. 

e Manual “Tyniacs: Small Electric Brain Machines and How 
to Make Them” by Edmund C. Berkeley, 1956, 48 pages— 
includes Introduction to Boolean Algebra for Designing 
Circuits. 

e “How to Go From Brainiacs and Geniacs to Automatic 
Computers” by Edmund C. Berkeley. 

¢ Dr. Claude E. Shannon’s historic 1938 paper given before 
the American Institute of Electrical Engineers: “A Sym- 
bolic Analysis of Relay and Switching Circuits,” 12 pages. 


1949, 270 pp. (15,000 copies 
sold) ; author of “Computers: 
Their Operation and Applica- 
tions.” Reinhold, 1956, 366 
pp.; Editor & Publisher of the 
magazine, Computers and Au- 
tomation; Maker and Devel- 
oper of small robots; Fellow 
of the Society of Actuaries; 
Secretary (in 1947-53) of the 
Association for Computing Ma- 
chinery; Designer of all the 
Tyniacs and Brainiacs, more 
than half of the 33 Geniacs 
(1955) ; Designer of the pat- 
ented Multiple Switch Disc 
and other features in the 1955 
Geniac kit. 


only $1 795... MAIL THIS 
BERKELEY ENTERPRISES, Inc. 
815 Washington St., R188, Newtonville 60, 
Mass. 
Please send me Brainiac Kit K17. (Re- 
turnable in 7 days for full refund if not 
satisfactory—if in good condition.) I en- 
close $ in full payment. 
My Name and Address are attached. 


why pay more? 


BRAINIAC KIT (1958 Model) K17 .. . the kit with 
limitless possibilities—backed by an organization 
of 10 years standing in the computer field. $17.95 
(For shipment west of Mississippi, add 80¢; 
outside U. S. add $1.80) 


7-Day Full Refund Guarantee If Not Satisfactory 


Please mention THe MaTHEMATICS TEACHER when answering advertisements 
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a new leader in 
high school mathematics— 


PLANE GEOMETRY 
AND 


SUPPLEMENTS 


HART SCHULT * SWAIN 


Just published . . . This attractive revision of a favorite text provides a basic 
course in plane geometry together with supplementary enrichment materials from 
solid and analytic geometry. The optional sections are natural extensions of the 
basic material. Abundant exercises, tests, and reviews are provided. Color is used 


effectively in diagrams and illustrations. 


D. C. HEATH AND - COMPANY 


Please mention THe MATHEMATICS TEACHER when answering advertisements 
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How to Use Your Bulletin Board 
Donovan A. Johnson 
and Clarence E. Olander 
Make your bulletin board a genuine teaching aid. 
Discusses purposes, appropriate topics, supplies 
needed, techniques, and “tricks of the trade.” 
12 pages. 50¢ each. 


How to Develop a Teaching 
Guide in Mathematics 
Mildred Keiffer and Anna Marie Evans 
Discusses steps in the development of a guide, 
principles involved, content, and use. Contains an 


annotated bibliography of reference materials. 
10 pages. 40¢ each. 


How to Use Field Trips in 
Mathematics 
Donovan A. Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 
Discusses types of field trips, purposes, where to 
go, how to plan, follow-up activities, and the like. 


Gives examples of actual field trips. 
8 pages. 85¢ each. 


NO. 4 


How to Use Films and Filmstrips in 
Mathematics Classes 
Robert Vollmar and Philip Peak 
Di the selection and use of films and film- 
strips, including attitudes, objectives, preview 
and selection, procedures for effective use, and 


evaluation. 
14 pages. 


How to Use Your Library in 
Mathematics 
Allene Archer 


Discusses purposes, outcomes, reference materials, 

topics, and projects. Information on historical re- 

ports, things to make, mathematicians, quotations. 
6 pages. 40¢ each. 


NATIONAL COUNCIL OF 


TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


50¢ each. 


BOOKS 


from Prentice-Hall 


Fundamentals of 
Mathematics 


by TREVOR EVANS, Emory University 


A new text that presents the fundamental ideas 
of geometry, algebra, and arithmetic in logi- 
cally complete and mathematically correct man- 
ner. Designed especially for students who enter 
college with an insufficient mathematical back- 
ground, the text treats elementary mathematics 
as rigorously as their mathematical maturity 
permits. The aim here is for complete student 
understanding of the rules and techniques of 
elementary mathematics. 


approx, 289 pp. © Pub. 1958 © Text price $5.00 


Arithmetic: Its 
Structure and Concepts 


by FRANCIS J. MUELLER, Maryland 
State Teachers College 


An original text, designed to introduce con- 
cepts in modern mathematics early in the stu- 
dent’s career, and provide the foundation for 
more important topics in mathematics outside 
the calculus. Aimed at the freshman level, it 
includes an introduction to: logic, set theory, 
partitions, probability theory, matrix theory, 
mathematical models, game theory and linear 
programming. This course has been success- 
fully tested. 


372 pp. © Pub. Jan. 1957 © Text price $6.25 


Essential Mathematics 
for College Students 


by FRANCIS J. MUELLER, Maryland 
State Teachers College 


This new text contains a thorough and mean- 
ingful review of basic arithmetic processes. 
Highly conducive to self-instruction or inde- 
pendent work, the text requires no prerequi- 
sites, It is so organized that when the student 
has completed and detached all exercise pages, 
he still has the complete text available for 
future reference. 
288 pp. © Paper Bound 
Text price $3.95 
To receive approval copies 
promptly, write: Box 903 


Pub. 1957 


4 PRENTICE-HALL, Inc. 
Englewood Cliffs, New Jersey 
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NEW FROM ADDISON-WESLEY . . . 


ELEMENTS OF MODERN MATHEMATICS 


By Kennertu O. May, Carleton College 


This introductory textbook presents the basic concepts and tools of modern mathematics, 
assuming no mathematical background other than standard high-school courses in plane 
geometry and elementary algebra. Obviously, this has necessitated a departure from the tradi- 
tional sequence of so-called elementary mathematical topics, both in the choice of material 
and in its order of presentation. The book relates mathematics to the natural and social sciences 
as well as to philosophy, linguistics, and the arts, and includes the mathematical techniques 
that are most valuable to all users of mathematics, Although the text concentrates on meaning 
and understanding, numerous exercises, including ample manipulative drill, are integrated with 
the discussion. 


The student may expect to acquire from the study of this book an orientation in modern 
mathematics, a basic vocabulary of mathematical terms, and a minimum facility in the use 
of mathematical concepts and symbols. He should be ready to study mathematical statistics 
and to take further work in mathematics, and should also be equipped with the mathematical 
tools most essential in the physical sciences, engineering, the biological sciences, and the social 
sciences. 

Elements of Modern Mathematics includes the material recommended for grade 12 by the 
American Association for the Advancement of Science, at the request of the President’s Com- 
mittee on Scientists and Engineers. It also includes the material recommended by the Com- 
mission on Mathematics of the College Entrance Examination board. 


c. 600 pp., 250 illus., to be published April 1959—$6 50 


INTRODUCTORY CALCULUS 


By Donatp E. Ricumonp, Williams College 


This text is intended as the basis for a one-semester course in calculus, and presupposes no 
knowledge of analytic geometry or trigonometry. It may therefore be taught in conjunction 
with a semester course in “finite mathematics” or in statistics to students with a background 
of three years of secondary-school mathematics or, after a semester of college algebra, to stu- 
dents with less background. An effort has been made to develop each chapter about a central 
idea, to emphasize the nature of mathematical thinking, and to give some feeling for mathe- 
matical proofs. 


c. 250 pp., 132 illus., to be published April 1959—$6 50 


CALCULUS 


By Donap E. Ricumonp, Williams College 


Chapters 1-5 of this book are the same as those chapters which make up the whole of Professor 
Richmond’s Introductory Calculus. The remaining eight chapters carry on the development of 
the calculus in the same spirit as the other book. The aim has been to develop each topic 
in a fresh and vital manner with a combination of an appeal to intuition and rigorous proof 
which should enable the student to participate actively in building up his understanding. 
Calculus is intended to be used as a text in a course two or three semesters in length. 


Throughout the book the aim has been to concentrate on essentials; no effort has been made 
to treat the topics exhaustively. While almost no subject has been discussed along conventional 
lines, the text is less radical in its subject matter than in its spirit. 


c. 512 pp., 266 illus., to be published September 1959—$8.50 


~~ ADDISON-WESLEY PUBLISHING COMPANY, INC., Reading, Mass., U.S.A. 
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GRADUATE SUMMER SCHOOL FOR TEACHERS 


A TEACHER AFFECTS ETERNITY; HE CAN 
NEVER TELL WHERE HIS INFLUENCE STOPS. 
THE EDUCATION OF HENRY ADAMS 


The following courses in Mathematics will be 
offered: 


Applied Algebra 


Introduction to Probability 
and Statistical Inference 


Calculus 

Mathematical Logic 
Analysis | 

Analysis 

Topics in Modern Algebra 
Topics in Modern Geometry 
Probability Theory 


Mathematics of Stars, Planets and 
Natural and Artificial Satellites 


The complete curriculum includes courses in 
Art, Astronomy, Biology, Chemistry, Economics, 
Geology, Government, History, Literature, Math- 
ematics, Music, Philosophy, Physics and Psychol- 
ogy. 


The courses are designed especially for teach- 
ers, the classes are small (average enrollment: 
ten per section), the student is able to discuss, 
question, obtain individual attention. Many good 
teachers have found the work interesting (though 
hard), rewarding, and a means of personal and 
professsional growth. 


CLASSES JULY 1 TO AUGUST 11, 1959 


For further information please write to 
Math Major, Summer School, 
Box 39 Wesleyan Station, Middletown, Conn. 


Just Published 

ALGEBRA 

ACCELERATED 
Book | 


E. Justin Hills and 
Estelle Mazziotta 


Written especially for the 
gifted and superior students 


Sputnik, the Explorers and Vanguards have brought the problems of American education into 
the public spotlight. The training of the gifted child, which has received some attention in recent 
years, has become a question of major concern throughout the country. 

Algebra Accelerated cuts through the jungle of operations and processes and develops the 
student's ability to readily translate problems into algebraic equations. A definite axiomatic approach 
is followed with the mastery of basic rules and axioms preceding transposition. Topics new to 
beginning algebra include the concept of slope, graphical analysis and statistical concepts. 


Instructors will find Algebra Accelerated Book 


I will continually challenge the gifted and 


superior students, creating a firm foundation for future mathematics and science studies. 


Write for your 
copy today 
$3.44 
Instructor's key 
included 


Chas. A. Bennett Co., Inc. 


4368 DUROC BLDG. 


PEORIA, ILLINOIS 


Please mention THe MarHematics TEACHER when answering advertisements 


| 
i 
| =* 
: 
| 
} 
iat 
2 
af 
f 
7 
7 
: 


A basic math text for the liberal arts student... 


A MODERN INTRODUCTION to COLLEGE MATHEMATICS 


By Israel H. Rose, University of Massachusetts. This text offers a careful 
treatment of such modern foundational — as sets, functions and relations, 
and uses them to clarify and unify the development of the analytic geometry 
and trigonometry. By sufficient discussion and illustrative examples, these con- 
cepts are readily accessible to university freshmen and advanced high school 
seniors who have a liberal arts background. It is designed for both terminal 
and continuing students who intend to pursue the study of mathematics for 
more than one year. For a second semester the author provides separate and 
different material for these two groups. 


Pre-calculus students will find that the notion of a limit, of differentiation, 
and integration are stated in simple, clear terms that will have meaning. The 
calculus section is intended to serve as an introduction to the subject rather 
than attempt to solve any of its problems. Historical material as related to 
mathematics is not separately set forth, but tastefully blended to provide a 
unique and interesting slant to conventional courses on college algebra, trigo- 
nometry and analytic geometry. 


By using Rose’s text in a six semester hour course, precalculus students will 


be able to study most of the analytic geometry and trigonometry previously 
given in two three-semester hour courses. The course, based on this text, 
would provide a proper foundation for the fundamentals, in terms of modern 


concepts. 
Coming May 1959. Approx. 510 pages. Illus. — Prob. $6.50 


Clearly defines terms and functions of trigonometry... 


PLANE TRIGONOMETRY 


By Nathan O. Niles, U.S. Naval Academy, and The Johns Hopkins Uni- 
versity. Makes use of the modern idea of a function—a rule relating two 
quantities—and applies it to trigonometric functions of angles and trigono- 
metric functions of real numbers. The author shows that the main difference 
between these concepts is the terminology used for the argument of the func- 
tions. Slide rule solutions of triangles are discussed as optional methods. 


1959 234 pages $3.95 


Send for examination copies. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 
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Algebra: Its Big Ideas and Basic Skills, 
Books | and Il, Second Edition 


Aiken, The modern mathematics in these books includes symbol con- 
cepts, variable, scientific notation, and in Book II, logic behind 
Henderson, solving equations, function concepts, and topics from analytic 
and Pingry geometry. Supplementary aids include Tests for Books I and II, 
with keys, a Complete Teacher’s Key for Book I, and Answer 

Keys for Books I and II. 


Using Mathematics, 7-8 


Mathematics texts that cover recent recommendations of major 
. commissions and committees. These books bridge the gap be- 
and Pingry tween elementary arithmetic and high school mathematics. Sup- 
plementary aids include Test Problems Workbooks for Grades 
7 and 8, with keys, and Teacher’s Editions of the books for 
Grades 7 and 8. 


Henderson 


Principles of Mathematics 


Allendoerfer For the 12th Grade advanced mathematics course. Includes ad- 
and Oakley vanced algebra, trigonometry, the calculus, logic, the number 
system, groups, fields, sets, Boolean algebra, and statistics. 


Trigonometry for Today, Second Edition 


Brooks, Schock Presents revised material on the Reduction Rule. Offers new 
and Oliver material on Scientific Notation and DeMoivre’s Theorem. In- 
cludes all the trigonometric material recently recommended by 
major policy groups. Is based on 25 years’ classroom experience. 


Using Mathematics 9, by Henderson and Pingry 


Mathematics: A First Course—A Second Course—A Third Course—by Ross- 
kopf, Aten, and Reeve 


Plane Geometry, 3rd Ed.—Solid Geometry, by Schnell and Crawford 


Write to School Department 


McGRAW-HILL BOOK COMPANY 


New York 36 Chicago 46 Dallas 2 San Francisco 4 


Please mention THE MaTHEMATICS TEACHER when answering advertisements 
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Books. for Accelerated Courses 


College texts that will be found useful for accelerated courses 
including the Advanced Placement Program 


ALGEBRA 
ROSENBACH-WHITMAN-MESERVE-WHITMAN: College Algebra, 
4th Edition 
Published in 1958 

ANALYTIC GEOMETRY 
MASON-HAZARD: Brief Analytic Geometry, 3rd Edition 
CALCULUS 


LONGLEY-SMITH-WILSON: Analytic Geometry and Calculus 


Full year's course covering plane and solid analytic geometry and differential and 
integral calculus. Recommended for the Advanced Fiscoment Program. 


WADE: Calculus 


Well-motivated text for students with a background of trigonometry and analytic 
geometry. Introduces integration early. 


INTEGRATED MATHEMATICS 
HAASER-LASALLE-SULLIVAN: A Course in Mathematical Analysis, 
Vol. | 


A rigorous course which presents algebra, trigonometry, analytic geometry, and 
calculus from the point of view of contemporary mathematics. Published in 1959. 


MILNE-DAVIS: Introductory College Mathematics, Revised 
Especially adapted for a "service" or terminal course. 
URNER-ORANGE: Elements of Mathematical Analysis 


Recommended for pre-engineering students. 
MODERN MATHEMATICS 
CHRISTIAN: Introduction to Logic and Sets (Prelim. Ed.) 


Designed as a supplement to traditional courses in algebra, geometry, trigonometry, 
and calculus, this brief text in pamphlet form provides an introduction to the 
modern curriculum in mathematics. Published in 1958. 


Write for more information to 
Ginn and Company 


Sales Offices: New York 11 
Chicago 6 Atlanta 3 Dallas 1 Palo Alto Toronto 16 


Please mention THe MatHematics TEACHER when answering advertisements 
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MATHEMATICS STUDENT JOURNAL 


A quarterly publication of the National Council of Teachers of Mathematics 


For students from Grades 7 thru 12. 
Redesigned in format, doubled in size, printed in two colors, expanded in range and 
content. 

Contains material for enrichment, recreation, and instruction. 

Features challenging problems and projects. 

Two issues each semester, in November, January, March, and May. 


Note these low prices: 
Sold only in bundles of 5 copies or more. Price computed at single-copy rates of 
30¢ per year, 20¢ per semester, making the minimum order only $1.50 per year or 
$1.00 per semester. 


Please send remittance with your order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W., Washington 6, D.C. 


PROGRAM PROVISIONS FOR THE 
MATHEMATICALLY GIFTED STUDENT 
IN THE SECONDARY SCHOOL 


Edited by E. P. VANCE 
Contributions by JuLtus H. HLAvarty, 
RICHARD S. PIETERS, and LERoy SACHS 


Discusses approaches to Stil CONTENTS 

the development of a II. Recommendations of Committees and Commissions 
mathematics program III. Recommendations of Teachers in Typical Schools 
for the gifted. or School Systems 


A Specialized Metropolitan Public High School 
An Independent Private School 


Reports on programs A Small High School 
developed in several A Nonspecialized City High School 
types af schools. IV. Summary 
V. Bibliography 
32 pages 75¢ 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C, 
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The Schacht Instruments 
for DYNAMIC GEOMETRY 


Basic to the 
Laboratory Method 
of teaching Plane Geometry. 
Dynamic figures permit observance of con- 
tinuity and locus concepts as the lengths of 
sides, interior lines, locations of points, and 
angles are changed. A great variety of fig- 


ures may be produced and measurements of ~— 
angles and lengths of sides taken in the per- Triangle 


formance of the exercises of plane geometry — 
as a laboratory science. From these measure- 
ments, conclusions may be drawn which are 

the theorems of geometry—the inductive ap- 
proach. 

Six different dynamic instruments are avail- 
able—adjustable triangle, extensible triangle, 
quadrilateral, circle, parallel lines with trans- 


versal, and intersecting lines device. They are 

accurately made of bright-colored, anodized Quadileteral 
aluminum and will last for years even with 
hard student use. Their cost is only a few 


cents per student per year. 


For a complete description 
and for other 
Teaching Aids for Mathematics 
see the 
MATHEMATICS INSTRUMENTS 

and SUPPLIES CATALOG 


’ These instruments are 
Write for your free copy Geometry 
Sc McLennan 
Published by Henry Holt and Co. 


W. M. WELCH 
1515 Sedgwick Street, Chicago 10, linois, U. 
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